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5) Concatenation of traffic systems.
) Roads and itineraries.
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A numerical example.

The controlled road section model.
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1. INTRODUCTION TO THE APPROACH

Travel time is one of the key measures of performance and
comfort on road networks.

It is stochastic, highly variable.

We need good indicators and measures of its variations.

We derive here upper bounds on the travel time through

an itinerary.

We use an algebraic formulation of the cell-transmission
model (Daganzo 1994) on a raod section.

Yhu

Upw =

road section

- Ubw

> Yrw

NG
IFSTTAR

Review in. ..

The road. ..
The. ..
Connection . . .

Roads and. ..

2,
3
4.
5.
6.
7.

A numerical . ..




<

IFSTTAR

Review in. ..

The road. ..

The. ..
Anmival flow Service Departure flow

v—  000]—v

|

Anival curve

Connection . . .

Roads and. ..

N S e A W N

A numerical . ..

Service curve

e The dynamics is written linearly in mlin-plus algebra.

e The impulse response of the linear system is interpreted
as a service curve in the network calculus theory.

e We then derive an upper bound for the travel time.
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e To extend this drivation , we base on a system theory

approach.

e We define elementary traffic systems, and algebraic oper-
ators to concatenate them in order to get a large system.

e The concatenation consists in giving the service curve of
the large system in function of those of the elementary

Systems.
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2.  REVIEW IN DETERMINISTIC NETWORK CALCULUS

Amival flow Service  Departure flow

b—s [J—=¥

Amival curve &
Service curve §

o Arrival curve. o is an arrival curve if

U<axU ieU(t)—U(s) <at—s),V0<s<t.

e Service curve. [ is a service curve if

Y > gxU ie Y'(t) > ming<s<¢{U(s)+B(t—s)},Vt > 0.

Two indicators of the service performance:

e The backlog of data in the server B(t) := U(t

e The virtual delay d(¢) := inf{h > 0,Y(t +h) > U(t)}.
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Amival flow

U——

|

Anival curve @

Three bounds are obtained:

e The virtual delay is bounded:
d(t) < sup{inf{h > 0,8(t + h) > «(t)}},Vt > 0.
>0

e The backlog is bounded:
B(t) < sup{a(s) — B(s)}.

e The outflow is upper bounded by the arrival curve o © 3:

(@ B)(t) := sup{alt + 5) — (s)}-

Service Departure flow
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2.1. Matrix arrival.

Definition. For a given n-vector U of cumulated arrival flows
U;,i=1,2,--- ,n,anxn matrix « is said to be a T-arrival matrix
for U if

Vi, g, U; < 5_Tijaij ® Uj,
That is
Vi,j, Vs, t €N, Uz(t) —Uj(s) < aij(Tij —f-t—S).

e It is possible to have U;(t) — U;(s) > 0 even for s > t.
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A simple way to obtain such T-arrival matrices. s, first to determine the matrix T (of non negative entries). For a
given couple (4, ). T; is determined as follows.

T, = Min{t = 0,U,(t + 7) — U;(£) < 0,vt = 0}.
Then, from Definition 3, @;; satisfy
a; =80, QU

It is easy to check that for i = j. we have T}; = 0. and then @;; is a one-dimensional arrival curve for U;.

Let us notice that Definition 3 1s different form Definition 4.2.1 given in [2]. Definition 3 is illustrated in the
numerical example of the last section.
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2.2. Service Matrix and virtual delay.

Definition. (service matrix) For a given server with input vector
U and output vector Y, a n X n matrix [ is said to be a service
matrix for the server, if Y > 8 x U.

Definition (virtual delay). For a given server with input vector U
and output vector Y, the virtual delay of the last quantity arrived
at time ¢ from the ith input to depart from the jth output, denoted
d;(t) is defined:

di(t) = inf{d > 0,Y;(t + d) > U;(t)}.

Theorem 1. For a given server with input vector U and output vector Y. if @ is a T-arrival matrix for U, and § is

a service matrix for the server. then
Vi=12,-,nvVtENd,(0) <Inf{d = 0,a,(T; +s) <p;(s+d), -T,<s=<rj=12--,n}
and then the virtual delays d;, i = 1,---, n are bounded as follows.

vi=12,,nvteN, d(t) =< max{sup {inf{d = 0,a;(Ty +5) < By (s +d)}}}.
lg=n o1y
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3. THE ROAD SECTION MODEL

wa +— [— Ubw
road section
U,fw ' > Y,’w

Ufy: cumulated forward inflow to the section.
Y},: cumulated forward outflow from the section.
Upw: cumulated backward supply from section 7 + 1.

Yiw: cumulated backward supply from section i.

wa = (wa = n)+ Dow = (YE,U, = ﬁ)+.

Assumption: Uf,,(0) = Y, (0) = Upw(0) = Y3, (0) = 0.
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3.1. The traffic dynamics.

Yow <+

Uyy =

road section

e We base on the cell-transmission model (Daganzo 1994).

Amax

flow

density

Pj

e with a trapezoidal fundamental traffic diagram.

o We get the dynamics

Q(t) = min {Q (t - %) + Grnax
Y (6) =

Q(t)

Yw(t)zQ(t—%{)+ﬁ

Ax
> Upw

(-2 +n. 0 )
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e By using the min-plus algebra notations, we get

Q = y9max Mx/vghx/vo @ },ﬂtgﬁx/vufw @D Uy,

};’w :Q$e
You = Y6510 @ e

o We can write

Q=A=Q@B=U
Y=C+QDe

with A = pTmes bxfvgixfv p — (y'né-&x,-'v e). and C = (y,—.six;w).

e ThenY > (e®C* A*+B) xU.
e Hence Z > H x (e ® C x A* x B) « U with

)

n=(

—n

&

gl

&

—n

1.
2
8

4
5.

6.
7.

Introduction . . .

Review in. ..

The. ..
Connection . . .
Roads and. ..

A numerical . ..




Theorem 2. The matrix H + (e € € + A* » B) is a service matrix for the road section. seen as a server with two
inputs and two outputs.

Ax
C v A"+ B = (yimex dx/oghaiv), i i )
P Fhxfvthxfw e Shx/w

Corollary 1. A service matrix ff for the road section seen as a server, is given as follows.

. Axyt i Ax n "
e (1) nes (1 =5~ 7)

1 Ax g 7oAt 1 Ayt
qm’( v v qm,) qu( w)
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4. THE CONTROLLED ROAD SECTION MODEL

1. Introduction . ..

e We consider that the section is controlled with a traffic

) 2. Reviewin...
hght 3. Theroad...
e We denote C: the cycle, G: the green time, R: red time.
5. Connection. . .

e In the dynamics, we replace
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() = min{@ (t f%) + Qe %x, . (t o] %) tn, U,,wm}
with
Q(£) = min {Q (t fﬂ?x) + (G/C)Gpmax %.Ufw (t 7;:\7;:7 R) +n, U, (t)}

Theorem 3. The matrix H + (e €5 € = A + B") is a service matrix for the controlled road section, seen as a
server with two inputs and two outputs, with A" = y(&/)ma Ax/vghe/v g — (',l""ﬂa"'/‘”"z e).




5. CONNECTION OF TRAFFIC SYSTEMS

{2y

vy <] — vl v < l— 1,
Systemn 1 System 2

Um_’ plad (2) v yla)

Fw > Y Upe = fw

(i) . )
Y\ _ ((ﬁ’m)n (3(‘)]12) Ut i
Y,i? BNz BNz U,EE i '
Theorem 4.

® A service matrix f# for the whole system is given by:

Bu = BPBY @ BPBI (B8 B BY
ﬁ ﬁl(f).g(lj (ﬁg).gtlj) [2) o) B(Z)
By = (1) 1){’3 2)}3 1)) B(Z) (1)

D@ @ 2
Ba2 = ( J{»gz{ljﬂl(z)) IB( :

such that

}}E\Z:) =(ﬁ11 .512)
yb(;) B Pa G
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6. ROADS AND ITINERARIES

A road of m sections is obtained by composing m road
sections.

The service matrix of each road section can be obtained
by Theorem 2, given fundamental traffic diagrams of each
section.

The service matrix of the whole road is then obtained by
the composition of the road section systems and by apply-
ing Theorem 4.

A controlled road of m sections is obtained similarly by
composing m — 1 uncontrolled road sections with one con-
trolled road section.

An itinerary in a controlled road network is build by com-
posing a number of controlled roads.
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e A service matrix for the itinearay R1, 1 R2,R3, and R4: 7. A numerical ...

(1) Determine service matrices for all the uncontrolled
sections of the itinerary, by Theorem 2.

(2) Determine service matrices for all the controlled sec-
tions of the itinerary, by Theorem 3.

(3) Determine service matrices for all the roads of the
itinerary, by Theorem 4.

(4) Determine a service matrix for the itinerary by con-
necting the systems R1, R2, R3, R4, by Theorem 4. Page 15 / 22 |
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6.1. Upper bound calculus.

1. Introduction . ..

e An arrival matrix is given expressing the traffic demand
in the network.

Review in. ..

e A service matrix is obtained as explained above.

2
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e Theorem 1 gives upper bounds for the travel time for any
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7. A NUMERICAL EXAMPLE

| | Ax (meter)

R2
R3 Qg (vel/sec)
Initial density of
R4 cars n (veh/meter)

7 Cyele time (sec.)
Green time (sec.)

v=15m/s, w=—7m/s, pj =1/10 veh/m.

Ufy of road 1, and Uy, of raod 4 are taken in such a way
that the arrival flows do not exceed (in average) the service

offered by the whole route.

We first compute T12 = 60 s and Th; = 8 s.

Then the arrival matrix is obtained.

RL R2 R3 L
Length 150 150 100 100
Maximum flow 0.32 0.35 0.4 0.38
51150 10150 | 3/100 | 7/100
60 90 80
30 50 45
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7.1. The results.

d; = max(dyy, dgy) = max(205,241) = 241 seconds.

7.

Figure 4. Arrival curves of the arrival matrix, service curves of the service matrix, and the time delays.
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