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A generic qubit unitary operator affected by quantum noise is duplicated and inserted in a coherently
superposed channel, superposing two paths offered to a probe qubit across the noisy unitary, and driven by
a control qubit. A characterization is performed of the transformation realized by the superposed channel on
the joint state of the probe-control qubit pair. The superposed channel is then specifically analyzed for the
fundamental metrological task of phase estimation on the noisy unitary, with the performance assessed by the
Fisher information, classical or quantum. A comparison is made with conventional estimation techniques and
also with a quantum switched channel with indefinite causal order recently investigated for a similar task of phase
estimation. In the analysis here, a first important observation is that the control qubit of the superposed channel,
although it never directly interacts with the unitary being estimated, can nevertheless be measured alone for
effective estimation, while discarding the probe qubit that interacts with the unitary. This property is also present
with the switched channel but is inaccessible with conventional techniques. The optimal measurement of the
control qubit here is characterized in general conditions. A second important observation is that the noise plays
an essential role in coupling the control qubit to the unitary, and that the control qubit remains operative for
phase estimation at very strong noise, even with a fully depolarizing noise, whereas conventional estimation and
the switched channel become inoperative in these conditions. The results extend the analysis of the capabilities
of coherently controlled channels which represent novel devices exploitable for quantum signal and information
processing.
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I. INTRODUCTION

Quantum channels, when exploited for information pro-
cessing, can be combined in specifically quantum ways, that
differ from standard classical combinations, and that offer
novel capabilities with no classical analog. Such techniques
have been recently introduced, and two basic and prominent
examples of them are the switch of two quantum channels
in indefinite causal order, and the coherent superposition of
two quantum channels. These two basic schemes combine two
quantum channels (1) and (2) and operate in the following
manner.

The first scheme (the switched channel) [1–3] uses a
quantum switch driven by a control qubit to select between
cascading the two channels in the order (1)-(2) or (2)-(1).
When the control qubit is placed in a superposed state, the
two individual channels become cascaded in a superposition
of the two classical orders (1)-(2) and (2)-(1), realizing a
switched quantum channel incorporating simultaneously the
two alternative orders, or with indefinite causal order.

The second scheme (the superposed channel) [4–6] uses
a control qubit to drive an information-carrying or signal
quantum state either across channel (1) or across channel (2).
When the control qubit is placed in a superposed state, the
scheme realizes a coherently superposed channel offering a
coherent superposition of the two alternative paths across (1)
and (2).

Both schemes are specifically quantum devices, and rep-
resent novel resources exploitable for quantum information
processing [5,6]. The main area where these novel techniques
have been analyzed and compared is quantum communi-
cation. A typical and striking benefit is when the two
channels (1) and (2) are two completely depolarizing quantum
channels, which are therefore individually incapable of trans-
mitting any useful information. It has then been shown that
when two such channels are associated into a switched chan-
nel with indefinite order [3,7], or into a coherently superposed
channel [4,7], in each scheme effective information commu-
nication becomes possible. Comparison has been performed
and discussed [4,7,8] to better appreciate the mechanisms and
specificities of the two schemes, and the respective roles of
indefinite order and of coherent superposition, particularly in
reaching similar capabilities of information communication
through depolarizing channels.

More recently, switched channels with indefinite order
have been investigated in another important information-
processing task, for quantum metrology, consisting in phase
estimation from a noisy unitary transformation [9]. Specific
capabilities, useful to estimation, have been reported and an-
alyzed in the switched channels, for example, the possibility
of using a completely depolarized input signal as an operative
probe for estimation (while this is never possible with conven-
tional techniques).
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FIG. 1. A quantum state ρ as an input signal can be sent across
either channel (1) or channel (2), according to the state ρc of a control
qubit.

As a complement to [9], we will investigate a comparable
scenario of phase estimation from a noisy unitary, when un-
dertaken here by means of a coherently superposed channel.
The study will bring additional results on the capabilities
of coherently superposed channels for quantum information
processing, along with more elements of comparison between
the two schemes of switched indefinite order and of coherently
superposed channels.

II. COHERENT SUPERPOSITION
OF TWO QUANTUM CHANNELS

We consider as in [4–6], acting on quantum systems with
Hilbert space H , a quantum channel (1) with K1 Kraus op-
erators K(1)

j ∈ L(H ) for j = 1 to K1, and a second quantum

channel (2) with K2 Kraus operators K(2)
k ∈ L(H ) for k = 1

to K2. A quantum system with density operator ρ ∈ L(H )
acting as an input signal can be sent across either channel (1)
or channel (2), according to the state of a control qubit with
two-dimensional Hilbert spaceH2 referred to the orthonormal
basis {|0c〉 , |1c〉}. When the control qubit is in state |0c〉 the
input signal ρ is sent across channel (1), and when the control
qubit is in state |1c〉 the input signal ρ is sent across channel
(2). The resulting quantum superposed channel is depicted in
Fig. 1.

In this study, the coherently superposed channel of Fig. 1
will superpose two noisy unitary channels to be involved in a
task of quantum parameter estimation, the same task consid-
ered in [9] in a switched channel with indefinite causal order.
Before we come to this, the operation of the coherently super-
posed channel of Fig. 1 needs to be more completely defined,
especially for an arbitrary state ρc of the control qubit. For this
purpose, following [4], we will rely on a Stinespring dilation
for the superposed channel of Fig. 1, involving a description of
the interaction with the surrounding environment underlying
the operation of the superposed channel.

The compound signal-control environment, with a control
qubit in state |0c〉, evolves unitarily as

|ψ〉 ⊗ |0c〉 ⊗ |g(1)〉 ⊗ |g(2)〉

�−→
K1∑
j=1

K(1)
j |ψ〉 ⊗ |0c〉 ⊗ ∣∣e(1)

j

〉 ⊗ |g(2)〉 , (1)

and with a control qubit in state |1c〉 it evolves unitarily as

|ψ〉 ⊗ |1c〉 ⊗ |g(1)〉 ⊗ |g(2)〉

�−→
K2∑

k=1

K(2)
k |ψ〉 ⊗ |1c〉 ⊗ |g(1)〉 ⊗ ∣∣e(2)

k

〉
(2)

for any signal state |ψ〉 ∈ H , and where we have introduced
for channel (1) with K1 Kraus operators a K1-dimensional
environment E1 of orthonormal basis {|e(1)

j 〉}K1

j=1 initialized in
state |g(1)〉, and for channel (2) with K2 Kraus operators a K2-
dimensional environment E2 of orthonormal basis {|e(2)

k 〉}K2

k=1
initialized in state |g(2)〉. In practice, a controlled operation
like in Eqs. (1) and (2) can be carried out by an interferometric
setup, such as those discussed in [4,10,11], with for instance
the control realized by the polarization of a photon and the
signal state |ψ〉 by other degrees of freedom such as quantum
spatial modes of the same photon.

An arbitrary state ρc of the control qubit is defined as
a linear combination of the four matrix elements |0c〉 〈0c|,
|0c〉 〈1c|, |1c〉 〈0c|, and |1c〉 〈1c|, and in such circumstance
the corresponding evolution of the compound signal-control-
environment follows by linearity of Eqs. (1) and (2). For
instance, for the control |0c〉 〈0c| we have from Eq. (1),

|ψ〉 〈ψ | ⊗ |0c〉 〈0c| ⊗ |g(1)〉 〈g(1)| ⊗ |g(2)〉 〈g(2)|

�−→
K1∑
j=1

K1∑
j′=1

K(1)
j |ψ〉 〈ψ | K(1)†

j′ ⊗ |0c〉 〈0c| ⊗ ∣∣e(1)
j

〉 〈
e(1)

j′
∣∣

⊗ |g(2)〉 〈g(2)| , (3)

which upon partial tracing over the two environments via
trE1E2 (·) leads to the nonunitary evolution of the signal-control
compound as

|ψ〉 〈ψ | ⊗ |0c〉 〈0c| �−→
K1∑
j=1

K(1)
j |ψ〉 〈ψ | K(1)†

j ⊗ |0c〉 〈0c| ,

(4)
where we recognize for the signal state |ψ〉 〈ψ | the evolution
induced by channel (1) alone. In a similar way, the evolution
with the control |1c〉 〈1c| and Eq. (2) leads to

|ψ〉 〈ψ | ⊗ |1c〉 〈1c| �−→
K2∑

k=1

K(2)
k |ψ〉 〈ψ | K(2)†

k ⊗ |1c〉 〈1c| ,
(5)

where we recognize for the signal state |ψ〉 〈ψ | the evolution
induced by channel (2) alone.

With the control |0c〉 〈1c| we have from Eqs. (1) and (2),

|ψ〉 〈ψ | ⊗ |0c〉 〈1c| ⊗ |g(1)〉 〈g(1)| ⊗ |g(2)〉 〈g(2)|

�−→
K1∑
j=1

K2∑
k=1

K(1)
j |ψ〉 〈ψ | K(2)†

k ⊗ |0c〉 〈1c| ⊗ ∣∣e(1)
j

〉 〈
e(1)

0

∣∣
⊗ |g(2)〉 〈

e(2)
k

∣∣ , (6)

which by partial tracing over the two environments E1E2 leads
for the signal-control compound to the transformed state(

K1∑
j=1

〈
g(1)

∣∣e(1)
j

〉
K(1)

j

)
|ψ〉 〈ψ |

(
K2∑

k=1

〈
e(2)

k

∣∣g(2)
〉
K(2)†

k

)

⊗ |0c〉 〈1c| = T1 |ψ〉 〈ψ | T†
2 ⊗ |0c〉 〈1c| , (7)
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where we have defined the two operators of L(H ),

T1 =
K1∑
j=1

〈
g(1)

∣∣e(1)
j

〉
K(1)

j , (8)

T2 =
K2∑

k=1

〈
g(2)

∣∣e(2)
k

〉
K(2)

k , (9)

that are the two transformation operators introduced in [4].
The operators T1 and T2 of Eqs. (8) and (9) appear as essential
to the operation of the superposed channel of Fig. 1. The two
operators T1 and T2, as visible in Eqs. (8) and (9), depend
on the environment models for implementing channels (1)
and (2), especially via the initial states |g(1)〉 and |g(2)〉. This
is the same observation as in [4], that the Kraus operators
{K(1)

j }K1
j=1 and {K(2)

k }K2
k=1 alone (unlike the situation of the

switched channel of [1–3,9]) are not sufficient to precisely
specify the operation of the superposed channel of Fig. 1, but
that a reference to a specific implementation of each channel
via an environment model is necessary. We will discuss fur-
ther these specific aspects related to the underlying channel
implementation and relevant to the superposed channel, in
particular in Sec. VI D and in the Appendix. Now we proceed
in the analysis of the coherently superposed channel.

For an arbitrary input signal state ρ ∈ L(H ), which is a
convex sum of pure states like |ψ〉 〈ψ |, and an arbitrary state
ρc ∈ L(H2) for the control qubit, we consequently obtain by
linearity of the evolution the quantum operation realized on
the signal-control compound by the coherently superposed
channel of Fig. 1 as

S(ρ ⊗ ρc) = S00(ρ) ⊗ 〈0c|ρc|0c〉 |0c〉 〈0c| + S01(ρ)

⊗ 〈0c|ρc|1c〉 |0c〉 〈1c|
+S†

01(ρ) ⊗ 〈1c|ρc|0c〉 |1c〉 〈0c| + S11(ρ)

⊗ 〈1c|ρc|1c〉 |1c〉 〈1c| , (10)

with the superoperators

S00(ρ) =
K1∑
j=1

K(1)
j ρK(1)†

j , (11)

S11(ρ) =
K2∑

k=1

K(2)
k ρK(2)†

k , (12)

S01(ρ) = T1ρT†
2. (13)

The superoperator S00(ρ) describes the quantum operation
realized by channel (1) alone, and similarly with S11(ρ) for
channel (2). The superoperator S01(ρ) is an interference term
manifesting the coherent superposition of channels (1) and
(2) in Fig. 1. In the joint state S(ρ ⊗ ρc) of Eq. (10), if the
control qubit were discarded (unobserved) and traced out,
the resulting quantum operation on ρ would reduce to ρ �→
S00(ρ) 〈0c|ρc|0c〉 + S11(ρ) 〈1c|ρc|1c〉, representing a classi-
cal probabilistic (convex) combination of the channels (1)
and (2) traversed with respective probabilities 〈0c|ρc|0c〉 and
〈1c|ρc|1c〉. By contrast, if the control qubit is treated coher-
ently with ρ, it can give rise to specific, specifically quantum,
behaviors from the superposed channel, as we are going to
see.

An interesting and specifically quantum feature is that the
control qubit can be placed in the superposed state |ψc〉 =√

pc |0c〉 + √
1 − pc |1c〉, with pc ∈ [0, 1]. This produces in

Fig. 1 a quantum superposed channel representing a coherent
superposition of two alternative paths for ρ across channel
(1) and channel (2) simultaneously. With ρc = |ψc〉 〈ψc|, the
quantum operation resulting from Eq. (10) takes the form

S(ρ ⊗ ρc) = pcS00(ρ) ⊗ |0c〉 〈0c| +(1−pc)S11(ρ)⊗ |1c〉 〈1c|
+

√
(1 − pc)pc[S01(ρ) ⊗ |0c〉 〈1c| + S†

01(ρ)

⊗ |1c〉 〈0c|]. (14)

This description of the operation of the coherently superposed
channel of Fig. 1 applies when (1) and (2) are two arbitrary
quantum channels. We will now consider the situation as in
[9], where the quantum channels (1) and (2) are qubit chan-
nels, under a form which is often encountered in quantum
metrology, and consisting in a unitary operator Uξ affected
by a quantum noise N (·).

III. A QUBIT UNITARY CHANNEL WITH NOISE

When channels (1) and (2) in Fig. 1 are qubit channels, an
interesting feature is that the two transformation operators T1

and T2 of Eqs. (8) and (9) are operators of L(H2) which can
be conveniently characterized in Bloch representation, i.e., in
the basis of the four Pauli operators {I2, σx, σy, σz} forming
an orthogonal basis for the operator space L(H2). The Bloch
representation for T1 and T2 will originate in their respective
set of Kraus operators and underlying environment models ap-
pearing in Eqs. (8) and (9), but will generally involve no more
than four coordinates, for each operator T1 or T2, in the Pauli
basis. This will usually enable a concise characterization in
Bloch representation of the superoperator S01(ρ) of Eq. (13)
that conveys the coupling and effects specific to the coherently
superposed channel. This approach, in its generality for qubit
channels, will be presented here in the interesting case where
each channel (1) and (2) is a unitary qubit channel affected by
a generic qubit noise.

For qubits with two-dimensional Hilbert space H2, the
density operator is represented in Bloch representation [12]
under the form

ρ = 1

2
(I2 + 
r · 
σ ), (15)

where I2 is the identity operator on H2, and 
σ a formal vec-
tor assembling the three (traceless Hermitian unitary) Pauli
operators [σx, σy, σz] = 
σ . The Bloch vector 
r ∈ R3 charac-
terizing the density operator has norm ‖
r ‖ = 1 for a pure
state, and ‖
r ‖ < 1 for a mixed state.

A qubit unitary operator Uξ is introduced with the general
parametrization [12]

Uξ = exp

(
−i

ξ

2

n · 
σ

)
, (16)

where 
n = [nx, ny, nz]� is a unit vector of R3, and ξ a
phase angle in [0, 2π ). Such a Uξ represents for instance
the transformation of a photon polarization by an optical in-
terferometer, with the axis 
n fixed by the orientation of the
polarizing beam splitter and a phase shift ξ occurring between
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Uξ N (·)ρ

FIG. 2. A qubit channel formed by the unitary transformation Uξ

of Eq. (16) and the general qubit noise N (·) of Eq. (18). As a whole
this channel is an instance of channel (1) or (2) considered in Fig. 1.

the two arms of the interferometer. From a qubit state ρ in
Bloch representation as in Eq. (15), the unitary Uξ produces
the transformed state

Uξ ρU†
ξ = 1

2 (I2 + Uξ 
r · 
σ ), (17)

where Uξ is the 3 × 3 real matrix1 representing in R3 the
rotation around the axis 
n by the angle ξ .

A qubit noise N (·) is also introduced, implementing a
quantum operation which is represented [12] by the Kraus
operators � j of L(H2), which need not be more than four for
representing any qubit noise. Equivalently, the transformation
ρ �→ N (ρ) by the qubit noise can be defined [12] by the affine
transformation of the qubit Bloch vector


r �−→ A
r + 
c, (18)

mapping the unit Bloch ball into itself, and characterized by
the 3 × 3 real matrix A and vector 
c ∈ R3.

Each quantum channel like (1) or (2) of Sec. II is formed
by cascading the unitary transformation Uξ of Eq. (16) and
the general qubit noiseN (·) of Eq. (18), as depicted in Fig. 2.
For the quantum channel of Fig. 2, the Kraus operators like
K(1)

j or K(2)
k of Section II result as K j = � jUξ . Equivalently,

for a qubit state ρ in Bloch representation as in Eq. (15), the
cascade of Uξ then N (·) produces the transformed state

N (UξρU†
ξ ) = 1

2 [I2 + (AUξ 
r + 
c) · 
σ ]. (19)

IV. COHERENT SUPERPOSITION OF TWO NOISY
UNITARIES

Two identical qubit channels formed by Uξ and N (·) as
in Fig. 2 are associated as in Fig. 1 through the coherent
quantum superposition of Sec. II with, however, two indepen-
dent sources of a same type of qubit noise N (·) according
to Eq. (18). For two such identical channels (1) and (2), one
has S00(ρ) = S11(ρ) in Eqs. (11) and (12), and also S†

01(ρ) =
S01(ρ) in Eq. (13). On the probe qubit in state ρ and control
qubit in state ρc = |ψc〉 〈ψc|, the coherently superposed chan-
nel therefore realizes the two-qubit quantum operation from
Eq. (14) reading as

S(ρ ⊗ ρc) = S00(ρ) ⊗ [pc |0c〉 〈0c| +(1 − pc) |1c〉 〈1c|]
+S01(ρ) ⊗

√
(1 − pc)pc(|0c〉 〈1c| + |1c〉 〈0c|).

(20)

1We use the notation Uξ in upright font for the unitary operator
acting in the complex Hilbert space H2 of the qubit; while we use
the notation Uξ in italic font for the real matrix expressing the action
of the unitary operator in the Bloch representation of qubit states in
R3.

As already mentioned, the superoperator S00(ρ) [and
S11(ρ) similarly] describes the quantum operation realized on
ρ by directly traversing the noisy unitary channel of Fig. 2,
and it is given in Bloch representation by Eq. (19) as

S00(ρ) = 1
2 [I2 + (AUξ 
r + 
c) · 
σ ]. (21)

In the superoperator S01(ρ) of Eq. (13), for two identical
channels (1) and (2) with the same set of Kraus operators K j =
� jUξ , the two transformation operators T1 and T2 of Eqs. (8)
and (9) have the same form, and they can be expressed as T1 =
T2 = TUξ , with the operator of L(H2),

T =
∑

j

〈g|e j〉 � j, (22)

where {|e j〉} is the reference basis for each of the two identical
environment models initialized in state |g〉. As we announced
at the beginning of Sec. III, it is generally possible to represent
the operator T ∈ L(H2) in the Pauli basis with the Bloch
representation

T = t0I2 + 
t · 
σ , (23)

with the four complex coordinates t0 and 
t = [tx, ty, tz]�. For
example, for the class of Pauli noises [12,13] the four Kraus
operators {� j} are {√p0I2,

√
pxσx,

√
pyσy,

√
pzσz} with {p j}

a probability distribution. This class of Pauli noises acts
through random applications of the four Pauli operators, and
it contains in particular such important noises as the bit flip,
the phase flip, the bit-phase flip, the depolarizing noises. The
corresponding Bloch coordinates for T in Eq. (23) are t0 =
〈g|e1〉√p0 and 
t = [〈g|e2〉√px, 〈g|e3〉√py, 〈g|e4〉√pz ]

�
.

It is now possible to characterize the action of the super-
operator S01(ρ) of Eq. (13) in Bloch representation, starting
with

S01(ρ) = 1
2S01(I2) + 1

2S01(
r · 
σ ) = TUξ ρU†
ξ T†. (24)

To proceed, we will need the identity (
a · 
σ )(
b · 
σ ) =
(
a 
b) I2 + i (
a × 
b) · 
σ for any two vectors 
a and 
b of C3.
As a next step, we can evaluate S01(I2) = TT† = (t0I2 + 
t ·

σ )(t∗

0 I2 + 
t ∗ · 
σ ) which, by the previous identity, is

S01(I2) = (t0t∗
0 + 
t 
t ∗)I2 + (t∗

0 
t + t0
t ∗ + i
t × 
t ∗) · 
σ . (25)

Next, it is convenient to evaluate, for a generic Bloch vector

r, the operator T(
r · 
σ )T†, as a useful step toward obtaining
S01(
r · 
σ ) = T(Uξ 
r · 
σ )T†. As for S01(I2), by performing the
(noncommutative) products of Pauli operators, we obtain

T(
r · 
σ )T† = [(t∗
0 
t + t0
t ∗ + i
t ∗× 
t )
r]I2

+ [(
t 
r)
t ∗ + (
t ∗
r)
t + (t0t∗
0 − 
t 
t ∗)
r

+ i(t∗
0 
t − t0
t ∗) × 
r] · 
σ . (26)

It can be verified that the Bloch representations in Eqs. (25)
and (26) have real coordinates in the Pauli basis, as it should
since S01(ρ) here is Hermitian. For a more concise notation,
Eq. (26) can be conveniently rewritten as

T(
r · 
σ )T† = (
s 
r)I2 + At 
r · 
σ . (27)

In Eq. (27) has been introduced the 3 × 3 real matrix At

function of t0 and 
t , and defined from Eq. (26) by the factor
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of 
σ which is a real linear function of 
r. In Eq. (27), we have
also introduced the real vector


s = t∗
0 
t + t0
t ∗ + i
t ∗× 
t = 2 Re(t∗

0 
t ) + i
t ∗× 
t (28)

of R3, which is real since i
t ∗× 
t = (i
t ∗× 
t )
∗

is real. We then
deduce

S01(
r · 
σ ) = T(Uξ 
r · 
σ )T† = (
sUξ 
r)I2 + AtUξ 
r · 
σ . (29)

By combining Eqs. (25) and (29) we now obtain a characteri-
zation for Eq. (24) in Bloch representation as

S01(ρ) = 1
2 (t0t∗

0 + 
t 
t ∗ + 
sUξ 
r)I2

+ 1
2 (t∗

0 
t + t0
t ∗ + i
t × 
t ∗ + AtUξ 
r) · 
σ . (30)

Equations (30) and (21) in Bloch representation now provide
a characterization for the joint two-qubit state S(ρ ⊗ ρc) of
Eq. (20) produced by the coherently superposed channel.

We will now examine how quantum measurement on the
joint state S(ρ ⊗ ρc) of Eq. (20) produced by the superposed
channel allows us to obtain useful information about the uni-
tary Uξ . This will serve to the analysis of the superposed
channel for a task of parameter estimation on the unitary Uξ ,
the same task investigated in [9] in a switched channel with
indefinite causal order.

V. MEASUREMENT

The probe qubit prepared in state ρ and the control qubit
prepared in state ρc get coupled by the operation of the co-
herently superposed quantum channel, and these two qubits
together terminate in the joint state S(ρ ⊗ ρc) of Eq. (20).
To extract information from the superposed channel, a useful
strategy, also adopted for instance in [3,9], is to measure
the control qubit in the Fourier basis {|+〉 , |−〉} of H2. The
measurement can be described by the two measurement oper-
ators {I2 ⊗ |+〉 〈+| , I2 ⊗ |−〉 〈−|} acting in the Hilbert space
H2 ⊗H2 of the probe-control qubit pair with state S(ρ ⊗ ρc).
The measurement randomly projects the control qubit either in
state |+〉 or |−〉, and it leaves the probe qubit in the unnormal-
ized conditional state

ρ± = c〈±|S(ρ ⊗ ρc)|±〉c = 1

2
S00(ρ)±

√
(1 − pc)pcS01(ρ),

(31)
the partial products involving |±〉c being defined on the con-
trol qubit. The probabilities Pcon

± of the two measurement
outcomes are provided by the trace Pcon

± = tr(ρ±). From
Eq. (21) we have tr[S00(ρ)] = 1, and by applying the trace
on Eq. (30) we obtain

Pcon
± = tr(ρ±) = 1

2 ±
√

(1 − pc)pcQξ , (32)

with the real scalar factor

Qξ = tr[S01(ρ)] = t0t∗
0 + 
t 
t ∗ + 
sUξ 
r. (33)

This provides an alternative form for the unnormalized condi-
tional state of Eq. (31) as

ρ± = 1
2 (Pcon

± I2 + 
r± · 
σ ), (34)

with the real vector


r± = 1
2 (AUξ + 
c)
r ±

√
(1 − pc)pc

× (t∗
0 
t + t0
t ∗ + i
t × 
t ∗ + AtUξ 
r). (35)

After the measurement of the control qubit, the probe qubit
terminates in the (normalized conditional) state

ρ
post
± = 1

Pcon
±

ρ± = 1

2
(I2 + 
r post

± · 
σ ), (36)

characterized by the post-measurement Bloch vector


r post
± = 
r±

Pcon
±

, (37)

which is completely known via Eqs. (35) and (32).
An important observation is that, upon measuring the

control qubit, the probabilities Pcon
± of Eq. (32) governing

the measurement outcomes are in general influenced by the
unitary Uξ , via Qξ of Eq. (33). The control qubit and its
measurement can therefore be exploited to extract information
about Uξ . It is the probe qubit that interacts with the unitary
Uξ , while the control qubit never directly interacts with Uξ .
Nevertheless, the dependence of Pcon

± on Uξ in Eq. (32) reveals
that it is possible to measure the control qubit alone, while
discarding the probe qubit, and obtain information about
the unitary Uξ . This possibility requires a genuine quantum
superposition of two distinct channels in Fig. 1 since the
dependence of Pcon

± on Uξ , as indicated by Eq. (32), vanishes
for the control at pc = 0 or 1 when no superposition exists.

A similar property of a control qubit dependent on Uξ

was also observed in [9] for a switched channel with indef-
inite causal order, although the study in [9] was restricted
to a depolarizing noise N (·) in Fig. 2 to enable an analyti-
cal characterization of the (more involved) switched channel.
Here with the coherently superposed channel, the property
of a Uξ -dependent control qubit is generically established in
broader conditions, for any qubit noise N (·) in Fig. 2 and
environment model. Although the mechanisms are different
in the superposed channel here and in the switched channel of
[9], both realize a coherent control of two channels resulting
in a coupling of the probe and control qubits enabling a Uξ -
dependent control qubit that can be measured alone to extract
information about Uξ sensed by the probe qubit alone. This is
a remarkable property, not found in conventional metrological
techniques [14–16], where auxiliary inactive qubits that do not
directly interact with the probed process usually need to be
measured coherently with the active probing qubits in order
to be of some use.

The general description we have obtained of the operation
and measurement of the coherently superposed qubit channel
will now be applied to a task of phase estimation on the noisy
qubit unitary Uξ engaged in the coherent superposition.

VI. PHASE ESTIMATION FROM THE SUPERPOSED
CHANNEL

So we now concentrate, as in [9], on the task of estimating
the phase ξ of the unitary Uξ . Phase estimation is an important
task of quantum metrology, useful, for instance, in interferom-
etry, magnetometry, frequency standards, atomic clocks, and
many other high-precision high-sensitivity physical measure-
ments [14,15,17–20]. The axis 
n of the qubit unitary Uξ of
Eq. (16) is assumed to be known, as fixed by the metrological
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setting, for instance as set by the orientation of the beam split-
ter of an interferometer, along with an unknown phase shift ξ

between its two arms that is to be estimated. This is a common
setting in metrology, where the phase ξ being estimated is
intended to provide an image of a scalar physical quantity of
metrological interest. A fundamental tool for assessing and
comparing the efficiency of different strategies for parameter
estimation is provided by the Fisher information, which we
now consider.

A. Classical Fisher information for the control qubit

Statistical estimation theory [21,22] stipulates that, from
measured data dependent upon a parameter ξ , any conceiv-
able estimator ξ̂ for ξ is endowed with a mean-squared error
〈(̂ξ − ξ )2〉 lower bounded by the Cramér-Rao inequality, for
unbiased as well as for biased estimators with an extended
form of the inequality [23]. The lower bound to the mean-
squared error involves the reciprocal of the classical Fisher
information Fc(ξ ). The larger the Fisher information Fc(ξ ), the
more efficient the estimation can be. The maximum-likelihood
estimator [21,22] is known to achieve the best efficiency dic-
tated by the Cramér-Rao lower bound and Fisher information
Fc(ξ ), at least in the asymptotic regime of a large number
of independent data points. The classical Fisher information
Fc(ξ ) stands in this respect as a fundamental metric quantify-
ing the best achievable efficiency in estimation.

In the superposed channel, for estimating the phase ξ

through the measurement of the control qubit displaying the
two outcomes characterized by the probabilities Pcon

+ and
Pcon

− = 1 − Pcon
+ of Eq. (32), the classical Fisher information

[24] is

F con
c (ξ ) = (∂ξ Pcon

+ )2

Pcon
+

+ (∂ξ Pcon
− )2

Pcon
−

= (∂ξ Pcon
+ )2

(1 − Pcon
+ )Pcon

+
. (38)

From Eq. (32) we have the derivative

∂ξ Pcon
+ =

√
(1 − pc)pc∂ξ Qξ =

√
(1 − pc)pc
s ∂ξUξ 
r. (39)

The Fisher information F con
c (ξ ) of Eq. (38) follows as

F con
c (ξ ) = 4(1 − pc)pc(∂ξ Qξ )2

1 − 4(1 − pc)pcQ2
ξ

. (40)

The Fisher information F con
c (ξ ) of Eq. (40) is maximized

at pc = 1
2 , which amounts to preparing the control qubit in

the state |ψc〉 = |+〉 realizing an equiweighted superposition
of the two elementary channels in Fig. 1; we shall stick to
this favorable condition pc = 1

2 in the sequel. The Fisher
information of Eq. (40) then follows as

F con
c (ξ ) = (∂ξ Qξ )2

1 − Q2
ξ

= (
s ∂ξUξ 
r)2

1 − (t0t∗
0 + 
t 
t ∗ + 
sUξ 
r)2 . (41)

For the rotated Bloch vector 
r1(ξ ) = Uξ 
r, a geometric charac-
terization of the derivative is provided in [24] as

∂ξ 
r1(ξ ) = ∂ξUξ 
r = 
n × 
r1(ξ ). (42)

The Fisher information of Eq. (41) then becomes

F con
c (ξ ) = [(
s × 
n)
r1]2

1 − (t0t∗
0 + 
t 
t ∗ + 
s 
r1)2 (43)

since 
s (
n × 
r1) = (
s × 
n)
r1.

n

n × s

r

s
r1

ξ

FIG. 3. The vectors in R3 from the coherently superposed chan-
nel ensuring maximum estimation efficiency F con

c (ξ ) in Eq. (43),
with the rotation axis 
n orthogonal to 
s of Eq. (28), an input probe
of unit Bloch vector 
r// 
s, and a rotated Bloch vector 
r1(ξ ) = Uξ 
r
remaining orthogonal to 
n for any phase angle ξ to be estimated.

Then, Eq. (43) shows that a favorable configuration to
maximize the Fisher information F con

c (ξ ) is to have an axis

n orthogonal to the vector 
s of R3 so as to maximize the mag-
nitude of 
s × 
n, and in addition to prepare an input probe with
unit Bloch vector 
r also orthogonal to 
n so that the rotated
Bloch vector 
r1(ξ ) = Uξ 
r always remains in the plane or-
thogonal to 
n for any angle ξ to estimate. Such an optimal
configuration is achieved, for instance, with 
n ⊥ 
s and 
r// 
s, as
depicted in Fig. 3.

The configuration of Fig. 3 yields in Eq. (43) the Fisher
information

F con
c (ξ ) = ‖
s ‖2 sin2(ξ )

1 − [t0t∗
0 + 
t 
t ∗ + ‖
s ‖ | cos(ξ )|]2 . (44)

We know from Eqs. (22) and (23) and the example of
the Pauli noises that the real vector 
s of Eq. (28) depends
on both the noise parameters and the environment model via
the products 〈g|e j〉, and is independent of the unitary Uξ

under estimation. Therefore, for any conditions on the noise
and environment model fixing 
s, the arrangement of Fig. 3
will maximize the classical Fisher information at the level of
Eq. (44), upon measuring the control qubit in the Fourier basis
for estimating the phase ξ . The maximum Fisher information
of Eq. (44) represents a useful reference. It will be achieved
in practice if the unitary Uξ can be operated with an axis

n ⊥ 
s, for instance, by properly orienting the interferometer.
Otherwise, the efficiency F con

c (ξ ) will be reduced according
to the configuration of 
s × 
n as dictated by Eq. (43).

B. Quantum Fisher information for the control qubit

To complement the classical Fisher information, further
assessment of the estimation performance can be obtained
by means of the quantum Fisher information [25,26]. For a
ξ -dependent qubit state ρξ of Bloch vector 
rξ , the quantum
Fisher information relative to the parameter ξ can be ex-
pressed [24] as

Fq(ξ ) = (
rξ ∂ξ 
rξ )2

1 − 
r 2
ξ

+ (∂ξ 
rξ )2 (45)

for the general case of a mixed state ρξ , while it reduces

to Fq(ξ ) = (∂ξ 
rξ )
2

for the special case of a pure state ρξ .
The usefulness of Fq(ξ ) is that it provides an upper bound
to the classical Fisher information Fc(ξ ) attached to any
quantum measurement protocol, by imposing Fc(ξ ) � Fq(ξ ).
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There might not always exist a fixed ξ -independent measure-
ment protocol to achieve Fc(ξ ) = Fq(ξ ), however, iterative
strategies implementing adaptive measurements [25,27–32]
are accessible to achieve Fc(ξ ) = Fq(ξ ). The quantum Fisher
information Fq(ξ ) is therefore a meaningful metric to charac-
terize the overall best performance for quantum estimation.

When the control qubit is measured for estimating the
phase ξ while the probe qubit is left untouched or unobserved,
it is possible to assign a ξ -dependent state ρcon

ξ to the control
qubit by tracing over the probe qubit in the joint probe-control
state S(ρ ⊗ ρc) of Eq. (20), yielding

ρcon
ξ = trprobe[S(ρ ⊗ ρc)]

= tr[S00(ρ)][pc |0c〉 〈0c| + (1 − pc) |1c〉 〈1c|]
+ tr[S01(ρ)]

√
(1 − pc)pc(|0c〉 〈1c| + |1c〉 〈0c|).

(46)

From Eq. (21) one has tr[S00(ρ)] = 1 and tr[S01(ρ)] = Qξ of
Eq. (33), so that one finally obtains

ρcon
ξ = pc |0c〉 〈0c| + (1 − pc) |1c〉 〈1c|

+
√

(1 − pc)pcQξ (|0c〉 〈1c| + |1c〉 〈0c|), (47)

which represents the qubit state characterized by the Bloch
vector 
r con

ξ = [2
√

(1 − pc)pcQξ , 0, 2pc − 1]
�

. The measure-
ment in the Fourier basis {|+〉 , |−〉} of the control qubit is
equivalent to measuring the spin observable 
ωc · 
σ character-
ized in R3 by the vector 
ωc = 
ex = [1, 0, 0]�. When acting
on the qubit state ρcon

ξ , this spin measurement leads to the two
outcomes ±1 with the probabilities

Pcon
± = 1

2

(
1 ± 
ωc
r con

ξ

)
(48)

coinciding with Eq. (32), while the classical Fisher informa-
tion is

F con
c (ξ ) =

(

ωc∂ξ 
r con

ξ

)2

1 − (

ωc
r con

ξ

)2 (49)

coinciding with Eq. (38). With the derivative ∂ξ 
r con
ξ =

[2
√

(1 − pc)pc∂ξ Qξ , 0, 0]
�

, Eq. (45) provides the quantum
Fisher information F con

q (ξ ) associated with the control qubit
as

F con
q (ξ ) = [4(1 − pc)pcQξ ∂ξ Qξ ]2

4(1 − pc)pc
(
1 − Q2

ξ

) + 4(1 − pc)pc(∂ξ Qξ )2

(50)

= 4(1 − pc)pc
(∂ξ Qξ )2

1 − Q2
ξ

, (51)

forming an upper bound to F con
c (ξ ) of Eq. (40) as it should.

Just like the classical Fisher information F con
c (ξ ) of Eq. (40),

the quantum Fisher information F con
q (ξ ) of Eq. (51) is max-

imized at pc = 1
2 , providing an additional motivation to this

favorable configuration for preparing the control qubit. Then,

at pc = 1
2 , one has

F con
q (ξ ) = (∂ξ Qξ )2

1 − Q2
ξ

, (52)

which coincides with the classical Fisher information F con
c (ξ )

of Eqs. (41) or (43). In this way, the choice pc = 1
2 for

the control qubit maximizes the quantum Fisher information
F con

q (ξ ), and in addition achieves F con
c (ξ ) = F con

q (ξ ) for the
measurement in the Fourier basis of the control qubit, for any

s and its configuration in relation to the axis 
n and input probe

r. In other words, this indicates that there exists a fixed mea-
surement protocol of the control qubit, the measurement in the
Fourier basis, or equivalently via the spin observable 
ωc · 
σ
with 
ωc = 
ex, able to reach F con

c (ξ ) = F con
q (ξ ), while as we

indicated the existence of such an optimal measurement is not
granted for all quantum estimation tasks. The choice pc = 1

2
and the measurement in the Fourier basis for the control qubit
thus constitute the most efficient strategy for estimating the
phase ξ from the control qubit of the superposed channel; this
is equally true for any noise N (·) and environment model.

C. Coupling by the noise

The present analysis reveals the significant property that a
nonvanishing noise N (·) in Fig. 2 is necessary to couple the
control qubit to the unitary Uξ and enable estimation of the
phase ξ from the control qubit of the superposed channel. A
vanishing noise N (·) in Fig. 2 is represented by one trivial
Kraus operator �1 = I2 while the other � j are the null op-
erator. This implies in the Bloch representation of Eq. (23)
a single nonzero coordinate t0 = 〈g|e1〉 while 
t = 
0. In turn,

t = 
0 implies 
s = 
0 in Eq. (28) and a factor Qξ in Eq. (33)
becoming independent of the unitary Uξ . As a result, the
measurement probabilities Pcon

± of Eq. (32) are independent of
Uξ . It follows also ∂ξ Qξ = 0, so that the Fisher informations
F con

c (ξ ) in Eq. (40) and F con
q (ξ ) in Eq. (51) both vanish,

indicating that the control qubit is inoperative for estimating
the phase ξ .

In addition, 
t = 
0 leads in Eq. (30) to S01(ρ) =
|t0|2(I2 + Uξ 
r · 
σ )/2 = |t0|2UξρU†

ξ . The joint state of

Eq. (20) factorizes as S(ρ ⊗ ρc) = Uξ ρU†
ξ ⊗ [pc |0c〉 〈0c| +

(1 − pc) |1c〉 〈1c| + |t0|2
√

(1 − pc)pc(|0c〉 〈1c| + |1c〉 〈0c|)]
indicating that the probe and control qubits evolve separately,
with a control qubit uncoupled to Uξ . This shows that with
no noise N (·) in Fig. 2, although the state ρc of the control
qubit is indeed affected, there is, however, no coupling of
the control qubit to the unitary Uξ which is seen only by
the probe qubit. A nonvanishing noise is required to couple
the control qubit to the unitary Uξ , via its coupling with the
probe qubit as described by Eq. (20) in the operation of the
coherently superposed channel. This is generically true for
any type of noise and environment model.

This same property of noise-induced coupling was also
observed in the switched channel with indefinite causal order
studied in [9]. This property occurs in the presence of two
distinguishable channels (1) and (2) superposed in Fig. 1 or
switched in [9]. With no noise, the two channels (1) and (2) in
Fig. 1 reduce to two identical and indistinguishable copies of
the unitary Uξ , so that the two paths driven by the control qubit
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are two indistinguishable paths offering limited versatility to
the probe qubit. By contrast, in the presence of noise, the
two channels (1) and (2) in Fig. 1 involve noncommuting
Kraus operators, probabilistically combined, and occurring in
two independent realizations; this results in two distinct paths
driven by the control qubit, offering more versatility to the
probe qubit, and realizing a quantum superposition of paths
representing a specific nontrivial resource for information pro-
cessing, as also argued in [3].

The noise N (·) in the setting of Fig. 2, if it grows too
large, may be expected also to arrive at some detrimental
impact on the estimation performance. We may expect in this
way an intermediate amount of noise able to maximize the
estimation performance from the control qubit, that we will
explicitly quantify in specific conditions in the sequel. Such
a beneficial role of noise, here in the superposed channel or
in the switched channel of [9], more broadly is reminiscent of
an effect of stochastic resonance, which represents a general
phenomenon occurring in various scenarios of information
processing, classical [33–36] or quantum [37–41], and where
maximum efficiency is obtained at a nonzero optimal amount
of noise.

We note also that the coupling of the control qubit to the
unitary Uξ , conveyed by the factor Qξ in Eq. (33) governing
the Fisher informations F con

c (ξ ) in Eq. (40) and F con
q (ξ ) of

Eq. (51), is essentially mediated by the vector 
s of Eq. (28).
This vector 
s of Eq. (28) can especially survive (does not
necessarily vanish) in configurations with small t0 and large

t , as they would be achieved by noises with Kraus operators
applying small probabilistic weight to the trivial operator I2,
i.e., noises altering the qubit state with large probability. Such
strong noise configurations, although presumably not optimal,
may be expected to preserve some capability of the control
qubit for phase estimation. In the sequel, in more definite
conditions, we will further characterize this valuable property
of the control qubit of the superposed channel, to preserve a
capability for phase estimation in the presence of very large
noise (when conventional estimation techniques fail, as we
shall see).

D. Dependence on the noise implementation

As we have observed, the operation of the coherently su-
perposed channel depends, not only on the Kraus operators
describing each channel (1) and (2) in the superposition,
but also on the Stinespring representation of each channel,
especially via the initial state |g〉 of the environment model
in the implementation of each channel. This dependence is
encapsulated in the two transformation operators T1 and T2

of Eqs. (8) and (9), acting in Eq. (13). This naturally has an
impact when the coherently superposed channel analyzed in
Sec. II is used for a task of phase estimation on the noisy qubit
unitary of Fig. 2, as we address in the present Sec. VI. Phase
estimation from the control qubit of the superposed channel
is essentially governed by the two measurement probabilities
Pcon

± of Eq. (32). These probabilities Pcon
± carry the depen-

dence on the phase ξ via the real scalar factor Qξ of Eq. (33),
which itself depends on the implementation of the noise N (·)
via the four Bloch coordinates (t0, 
t ) of the operator T in
Eq. (23). This implies that effective estimation of the phase

ξ requires some knowledge of the parameters (t0, 
t ) related
to the noise implementation. When these parameters cannot
be deduced from prior knowledge or assumptions available
for the underlying environment, they represent unwanted un-
known parameters; these are rather common in estimation
theory and are commonly referred to as nuisance parameters
[21,22]. In practice, the presence of these nuisance parameters
(t0, 
t ) in the phase estimation task can be handled in different
ways.

First, it can be noted that measurement of the control qubit,
via its probabilities Pcon

± of Eq. (32), gives direct access to
an estimation of the scalar factor Qξ of Eq. (33). This fac-
tor Qξ then combines the effect of the unknown phase ξ of
primary interest, and of the nuisance parameters (t0, 
t ). From
an estimate of Qξ , the knowledge of (t0, 
t ) is necessary if
one wants to separate and deduce an estimate for the phase
ξ . However, an estimate of Qξ alone may be sufficient in
practice for some applications. A definite noise N (·) in the
setting of Fig. 2 is characterized by noise parameters (t0, 
t )
that remain fixed while the phase ξ changes its value. This
would be for instance the situation of an interferometer, with
a definite noise N (·) characterizing the interferometric setup,
while operated for estimating the phase shift ξ occurring
between its two arms, for metrological purposes. The stan-
dard modeling of a quantum noise N (·) by means of a set
of fixed Kraus operators, as given by Eq. (A2), implies the
presence of fixed environment parameters (|g〉 , UJ) in the
Stinespring implementation of a nonunitary channel. This is
the same reason that induces fixed noise parameters (t0, 
t )
for the operation of the coherently superposed channel. In
a setup with fixed noise parameters (t0, 
t ), estimation of Qξ

alone may be sufficient to track or distinguish different values
of the phase ξ , which would not be known in their absolute
physical values, but up to some fixed constants determined
by (t0, 
t ) as a characteristic of the metrological instrument.
In the estimation of the scalar factor Qξ , the performance is
governed by the classical Fisher information Fc(Qξ ), which
relates to the Fisher information Fc(ξ ) of Eqs. (38)–(40)
for the phase ξ , by Fc(ξ ) = (∂Qξ /∂ξ )2Fc(Qξ ). In particular,
Fc(Qξ ) is maximized also at pc = 1

2 to reach Fc(Qξ ) = 1/(1 −
Q2

ξ ). In the same way for the quantum Fisher information,
Fq(ξ ) = (∂Qξ /∂ξ )2Fq(Qξ ), and Fq(Qξ ) is also maximized at
pc = 1

2 to reach Fq(Qξ ) = 1/(1 − Q2
ξ ), as compared to Fq(ξ )

of Eq. (52). The performance for estimating ξ or Qξ from the
control qubit are therefore closely related; in particular the
scheme operated at pc = 1

2 and achieving Fc(Qξ ) = Fq(Qξ )
is also optimal for estimating Qξ . An additional interesting
feature is that the Fisher informations involved (and involving
Q2

ξ ) never vanish on average, when envisaged as averages over
the phase ξ or over the noise parameters (t0, 
t ), indicating that
the estimation capabilities of the control qubit are preserved
in broad configurations of the parameters.

Second, a more thorough approach would be to envis-
age to estimate the value of the fixed nuisance parameters
(t0, 
t ) characterizing the estimation setup. This can be ac-
complished, as for the phase ξ , by measuring the control
qubit alone in the coherently superposed channel. This would
again deliver first, via the measurement probabilities Pcon

± of
Eq. (32), an estimate for the scalar factor Qξ of Eq. (33).
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A calibration procedure could then be envisaged, consisting,
from estimates of Qξ obtained with known test values of the
phase ξ arranged for calibration purposes, to deduce an esti-
mate for (t0, 
t ). These fixed values estimated for the nuisance
parameters (t0, 
t ) would lead to a setup (an interferometer)
fit for estimation of unknown phases ξ . More adequately,
estimation is required (and performed from Qξ in the calibra-
tion) rather of the four real scalar parameters s0 = t0t∗

0 + 
t 
t ∗
and 
s = [sx, sy, sz]� from Eq. (28), instead of the four scalar
(t0, 
t ). An access to 
s especially enables one to use the es-
timation setup in the optimal configuration characterized in
Fig. 3, and (s0, 
s) also provide access to the Fisher informa-
tion relevant for performance assessment, so that with known
(s0, 
s) then knowledge of (t0, 
t ) is unnecessary. At this occa-
sion we can stress this significant property of the coherently
superposed channel. The operation of the coherently super-
posed channel is indeed dependent on the environment model
implementing each of the nonunitary channels in the superpo-
sition. However, this dependence is encapsulated in a concise
transformation operator as in Eqs. (8) and (9), which, when
superposing two identical qubit channels, reduces to a qubit
operator as T in Eq. (23), characterizable with only four scalar
parameters (t0, 
t ) or (s0, 
s). This is true independently of the
size or dimensionality (possibly large) of the environment and
of its constitutive details: only four scalar parameters need be
estimated in the calibration procedure.

Alternatively, instead of a prior calibration procedure, di-
rect estimation of the 1 + 4 unknown parameters ξ and (s0, 
s)
can be envisaged also by measuring the control qubit alone
of the superposed channel. The maximum-likelihood estima-
tor [21,22] mentioned at the beginning of Sec. VI A, and
matching the performance dictated by the Fisher information,
typically operates from L-independent measurements of the
control qubit repeatedly prepared in the same conditions.
The L measurements, individually governed by the proba-
bilities Pcon

± of Eq. (32), deliver L+ outcomes projecting on
|+〉 and L − L+ on |−〉, with the integer L+ ∈ {0, 1, . . . , L}.
From the binomial probability distribution of the L out-
comes follows the log-likelihood L = L+ log(Pcon

+ ) + (1 −
L+) log(1 − Pcon

+ ). From the measured data (L+, L − L+),
the maximum-likelihood estimator for the multiparameter set
(ξ, s0, 
s) follows as the solution to arg max(ξ,s0,
s)L; while in
the presence of known (s0, 
s) through prior calibration, the
maximum-likelihood estimator for the single phase parameter
ξ is the solution to arg maxξL. Such a direct estimation of
a whole set (ξ, s0, 
s) of unknown parameters can also be
realized recursively, in an adaptive manner, where especially
the estimation of 
s is progressively updated to bring the setup
in the optimal configuration of Fig. 3 maximizing the perfor-
mance. Such adaptive strategies have proven useful in other
areas of quantum estimation and allow one to reach or to come
close to optimality [25,27–32].

E. Analysis with Pauli noise

For further, more definite, illustration, we consider the
interesting case already mentioned in Sec. IV where N (·) is
a generic Pauli noise [12,13] with the four Kraus operators
{� j} = {√p0I2,

√
pxσx,

√
pyσy,

√
pzσz} and {p j} a probabil-

ity distribution. For definiteness, we consider that the Pauli

noise N (·) is associated with an environment model starting
in an unbiased initial state |g〉 satisfying 〈g|e j〉 = 1

2 for all
j = 1 to 4. This represents an environment that does not
specially favor any one of the underlying Kraus operators, but
on the contrary that treats them in an even, equally weighted,
manner. This is a reasonable configuration for an environ-
ment initially uncorrelated with the signal-control compound,
realizing some kind of least biased or maximum entropy
environment. This is also the choice that is considered for
instance in the superposed channels investigated for informa-
tion communication in [4,7]. Such assumption on the noise
constitution dispenses us from handling nuisance parameters
as examined in Sec. VI D. For the Bloch representation of
T in Eq. (23) we then have the coordinates t0 = √

p0/2 and


t = [
√

px,
√

py,
√

pz ]
�
/2, so that t0t∗

0 + 
t 
t ∗ = 1
4 , and 
s =

2t0
t = √
p0[

√
px,

√
py,

√
pz ]

�
/2 in Eq. (28) yielding ‖
s ‖2 =

(1 − p0)p0/4. The Fisher information from Eqs. (44) and (52)
follows as

F con
c (ξ ) = F con

q (ξ ) = (1 − p0)p0 sin2(ξ )

4 − [
1
2 + √

(1 − p0)p0|cos(ξ )|]2 .

(53)
We observe that Eq. (53) now enables an explicit quan-

tification of the intermediate amount of noise anticipated in
Sec. VI C to maximize the performance of the control qubit.
The estimation performance assessed by the Fisher informa-
tion F con

c (ξ ) = F con
q (ξ ) of Eq. (53) takes its maximum for a

probability p0 = 1
2 , which is the situation where the noise

maintains unaltered the qubit state (by applying the trivial
Kraus operator �1 = √

p0I2) with probability 1
2 . This be-

havior holds in the same way for any type of Pauli noise,
irrespective of the other probabilities {px, py, pz} provided
px + py + pz = 1 − p0 = 1

2 . This remarkable property is ob-
tained, from Eq. (43), with a rotation axis 
n orthogonal to 
s,
with 
s itself depending on {px, py, pz}; otherwise, with 
n and 
s
in another configuration, the value of F con

c (ξ ) = F con
q (ξ ) given

by Eq. (43) can be expected to be reduced relative to Eq. (53)
and dependent on the noise probabilities {px, py, pz}.

It can also be noted that the Fisher information F con
c (ξ ) =

F con
q (ξ ) of Eq. (53) bears an explicit dependence on the

phase ξ , and this is also the rule in the more general con-
ditions of Eqs. (44) or (43). This is a common property,
often observed for quantum phase estimation in the presence
of noise, and implying a performance varying according to
the range of the phase ξ being estimated. A measurement
result depending on ξ is necessary to enable estimation of
ξ from such measurement. Commonly, this entails also a
measurement performance depending on ξ . For a perfor-
mance assessment circumventing this dependence in ξ , it can
be meaningful to consider the averaged Fisher information
F c = ∫ 2π

0 Fc(ξ )dξ/(2π ) reflecting the average performance
for values of the phase angle ξ uniformly covering the interval
[0, 2π ). The averaged Fisher information F c also determines
(via its reciprocal) a fundamental lower bound to the mean-
squared estimation error in Bayesian estimation [21]. Here,
for the Fisher information F con

c (ξ ) = F con
q (ξ ) in Eq. (53) of

the control qubit, the integral over ξ can be worked out
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explicitly to give

F
con
c (ξ ) = F

con
q (ξ ) = 1 − 1

2π

[√
9 − β2 arctan

(√
3 + β

3 − β

)

+
√

25 − β2 arctan

(√
5 − β

5 + β

)]
(54)

(where ξ is kept in the notation after the average to indicate
the Fisher information is relative to the parameter ξ ), with the
noise factor

β = 2
√

(1 − p0)p0. (55)

And Eq. (54) will be useful for quantitative performance com-
parison to come.

VII. PERFORMANCE COMPARISON

A meaningful reference for comparison is the Fisher in-
formation for estimating the phase ξ from a probing qubit that
would directly interact with the noisy unitary channel of Fig. 2
in a single pass, with no coherent superposition of two copies
of the channel. For the probing qubit prepared in the state ρ of
Eq. (15), one pass through the channel of Fig. 2 is described
by the quantum operation of Eq. (19), and it leaves the qubit
in a state characterized by the Bloch vector


rξ = AUξ 
r + 
c = A
r1(ξ ) + 
c. (56)

With the derivative ∂ξ 
rξ = A∂ξ 
r1(ξ ) characterized by
Eq. (42), the quantum Fisher information is obtained from
Eq. (45) as

Fq(ξ ) = [(A
r1 + 
c)A(
n × 
r1)]2

1 − (A
r1 + 
c)2
+ [A(
n × 
r1)]2. (57)

When this standard probing qubit is measured, as the control
qubit of the superposed channel by means of a spin observ-
able 
ω · 
σ characterized by a unit Bloch vector 
ω ∈ R3, the
ensuing classical Fisher information is obtained from Eq. (49)
as

Fc(ξ ) = (
ω ∂ξ 
rξ )2

1 − (
ω 
rξ

)2 = [
ω A(
n × 
r1)]2

1 − [
ω (A
r1 + 
c)]2
. (58)

It is then meaningful to compare the performance of such
a standard probing qubit with the performance F con

c (ξ ) =
F con

q (ξ ) of Eq. (43) achieved at pc = 1
2 by the control qubit

of the coherently superposed channel measured in the Fourier
basis with 
ωc = 
ex.

For specifying the comparison in the conditions of
Sec. VI E, for the class of Pauli noises having 
c ≡ 
0, it is
shown in [19] that a favorable configuration to maximize the
quantum Fisher information Fq(ξ ) of Eq. (57) is when the ro-
tated Bloch vector 
r1(ξ ) is a unit vector orthogonal to the
rotation axis 
n, which is obtained by a pure input probe with a
unit Bloch vector 
r also orthogonal to 
n. This choice for the in-
put probe maintains the rotated Bloch vector 
r1(ξ ) orthogonal
to 
n for any phase angle ξ . With 
r and 
r1(ξ ) orthogonal to 
n,
there is, however, no fixed measurement vector 
ω generally
enabling the classical Fisher information Fc(ξ ) of Eq. (58)
to reach the quantum Fisher information Fq(ξ ) of Eq. (57),

even for a fixed type of Pauli noise. In general, achieving
Fc(ξ ) = Fq(ξ ) with the standard probing qubit would require
a vector 
ω dependent on the noise matrix A but also on the
unknown phase ξ under estimation, as it results from [19,24].
By contrast, with the superposed channel, F con

c (ξ ) = F con
q (ξ )

is achievable by 
ωc = 
ex for measuring the control qubit uni-
formly for any noise and environment model, as we observed
in Sec. VI B.

For further quantitative comparison, it is interesting to
work out the case of the qubit depolarizing noise, an important
instance of Pauli noise [12,13]. The depolarizing noise applies
any one of the three nontrivial Pauli operators with equal prob-
abilities px = py = pz = p/3, while it leaves the qubit state
ρ unchanged (or applies I2) with the probability p0 = 1 − p.
In Eq. (18), along with 
c ≡ 
0, the resulting matrix A is the
isotropic contraction matrix A = αI3 with α = 1 − 4p/3 a
scalar contraction factor, implementing an isotropic contrac-
tion of the qubit Bloch vector 
r �→ α
r. Equivalently, the action
of the depolarizing noise can be described as

N (ρ) = αρ + (1 − α)
I2

2
, (59)

indicating that with the probability 1 − α, the noise replaces
the qubit state ρ by the maximally mixed state I2/2; at
the maximum contraction when α = 0, the quantum state is
forced to I2/2 with probability 1 and the qubit becomes com-
pletely depolarized. The depolarizing noise is an important
noise model often considered in quantum information [12,13].
It is a Pauli noise with no invariant subspace, unlike the bit-flip
or phase-flip noises, and in this respect it represents in some
sense a worse-case noise and as such a conservative reference.

With depolarizing noise, for the standard probing qubit, the
quantum Fisher information of Eq. (57) becomes

Fq(ξ ) = α2(
n × 
r1)2 = α2(
n × 
r)2, (60)

and the classical Fisher information of Eq. (58),

Fc(ξ ) = α2[
ω (
n × 
r1)]2

1 − α2(
ω 
r1)2
. (61)

In the favorable configuration where 
r and 
r1(ξ ) are in the
plane orthogonal to the rotation axis 
n, the quantum Fisher
information of Eq. (60) is maximized at F max

q (ξ ) = α2 for
any phase angle ξ . However, as indicated, there is no fixed
measurement vector 
ω enabling Fc(ξ ) of Eq. (61) to reach
F max

q (ξ ) = α2, for any phase ξ . This would require an 
ω
orthogonal to the rotated Bloch vector 
r1(ξ ) for any ξ , which
is not realizable since ξ is unknown. Alternatively, one can
select 
ω to coincide with the pure input probe 
r, so that
at 
ω = 
r ⊥ 
n, the classical Fisher information of Eq. (61)
becomes

Fc(ξ ) = α2 sin2(ξ )

1 − α2 cos2(ξ )
� Fq(ξ ) = α2. (62)

This Fc(ξ ) is to be compared with F con
c (ξ ) = F con

q (ξ ) of
Eq. (53) with for the depolarizing noise the factor (1 −
p0)p0 = 3(1 + 3α)(1 − α)/16, or the equivalent form of
Eq. (53) as

F con
c (ξ ) = F con

q (ξ ) = β2 sin2(ξ )

16 − [1 + β|cos(ξ )|]2
, (63)
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with the factor β of Eq. (55) expressed as a function of the
contraction factor α as

β =
√

3

2

√
(1 − α)(1 + 3α). (64)

The performance of Eq. (63) is achieved in the superposed
channel by the control qubit in the optimal configuration of
Fig. 3 with a vector 
s in Eq. (28) which for the depolarizing
noise is 
s = β/(4

√
3)[1, 1, 1]� = β/(4

√
3)
1. This is obtained

with an axis 
n ⊥ 
1 and an input probe 
r//
1, uniformly for any
level α of the depolarizing noise. By contrast, as we indicated,
the standard probing qubit in general cannot reach Fc(ξ ) =
Fq(ξ ) in Eq. (62) or (61).

Then, the Fisher informations of Eqs. (62) and (63) offer
a meaningful basis for quantitative comparison. It can be
noted that all of them depend on the value of the phase ξ

under estimation. As indicated at the occasion of Eq. (53), to
circumvent the ξ -dependent performance it is convenient to
consider the phase-averaged Fisher information for a phase ξ

uniformly covering the interval [0, 2π ). For the control qubit
of the coherently superposed channel, such phase averaging of
Eq. (63) leads to F

con
c (ξ ) = F

con
q (ξ ) of Eq. (54) with β from

Eq. (64). Meanwhile, for the standard probing qubit the phase
averaging of Eq. (62) yields

F c(ξ ) = 1 −
√

1 − α2 � F q(ξ ) = α2. (65)

For comparison, we also consider the phase-averaged Fisher
information achieved by the control qubit of a switched chan-
nel with indefinite causal order, as analyzed in [9], which is
given by

F
swi
c (ξ ) = F

swi
q (ξ ) = 1 −

√
3

8
(1 − α)

√
(1 − α)(3 + 5α)

− 1

8

√
(5 + 6α − 3α2)(5 − 2α + 5α2), (66)

reproducing Eq. (44) of [9].
The three phase-averaged Fisher informations are com-

pared in Fig. 4, as a function of the level of the depolarizing
noise quantified by its contraction factor α. As visible in
Fig. 4, for most noise levels α, the straightforward approach
of the standard probing qubit is more efficient, with a larger
Fisher information F c(ξ ). At vanishing noise, when α → 1,
the Fisher information F c(ξ ) of Eq. (65) goes to 1 and reaches
its upper bound F q(ξ ) = α2 → 1 where the estimation effi-
ciency of the standard probing qubit is maximal. By contrast,
the control qubit of the superposed channel, at vanishing noise
when α → 1, as anticipated in Sec. VI C, becomes inoperative
for estimating the phase ξ , as marked by a vanishing Fisher
information F

con
c (ξ ) = F

con
q (ξ ) in Fig. 4. In addition, Fig. 4

also shows the existence of an optimal level of noise where
the efficiency of the control qubit of the superposed channel is
maximized, as also anticipated in Sec. VI C. This is marked in
Fig. 4 by a Fisher information F

con
c (ξ ) = F

con
q (ξ ) culminating

at a maximum for α ≈ 0.34.
An interesting feature shown in Fig. 4 is that when the

noise becomes fully depolarizing, at α → 0, the Fisher in-
formation F

con
c (ξ ) = F

con
q (ξ ) of the control qubit of the

superposed channel does not go to zero, while F c(ξ ) and
F q(ξ ) vanish for the standard probing qubit. At α → 0, the
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FIG. 4. Phase-averaged Fisher information F
con
c (ξ ) = F

con
q (ξ ) of

Eq. (54) via Eq. (64) for the control qubit of the coherently super-
posed channel (solid line), F c(ξ ) of Eq. (65) for the standard probing
qubit (dotted line), and F

swi
c (ξ ) = F

swi
q (ξ ) of Eq. (66) for the control

qubit of the switched channel with indefinite order of [9] (dashed
line), as a function of the contraction factor α of the depolarizing
noise of Eq. (59).

standard probing qubit ruled by Eq. (19), with A = αI3 and

c ≡ 
0, experiences the input-output transformation ρ �→ I2/2,
producing a completely depolarized output state I2/2 insensi-
tive to the phase ξ , and therefore inoperative for its estimation,
as expressed by the vanishing Fisher informations F c(ξ ) and
F q(ξ ) in Eq. (65) and visible in Fig. 4. By contrast, via the
coupling interaction taking place in the coherently superposed
channel, the output state ρcon

ξ of Eq. (47) for the control qubit
remains sensitive to the phase ξ , even at α → 0, as expressed
by the nonvanishing Fisher information F

con
c (ξ ) = F

con
q (ξ ) in

Fig. 4. This is a significant difference, with a fully depolariz-
ing noise in the noisy unitary channel of Fig. 2, the standard
probing qubit is unable to deliver information about the phase
ξ ; by contrast, the control qubit of the superposed channel
of Fig. 1, through the more elaborate coupling interaction
analyzed here, remains operative for estimating ξ . This is a
manifestation of the beneficial role of the noise in coupling the
control qubit to the unitary Uξ in the superposed channel, as
discussed in Sec. VI C. Accordingly, at strong noise, when the
contraction factor α � 0.26 in Fig. 4, the Fisher information,
and therefore the efficiency for phase estimation, of the con-
trol qubit of the superposed channel remain superior to those
of the standard probing qubit.

In addition, the comparison with the switched channel with
indefinite order of [9] shows in Fig. 4 a switched channel
with a Fisher information F

swi
c (ξ ) = F

swi
q (ξ ) of Eq. (66) also

undergoing a nonmonotonic evolution, as F
con
c (ξ ) = F

con
q (ξ )

of Eq. (54) for the superposed channel, yet culminating at
a maximum for a different noise level α ≈ 0.65. Also, for
the noise contraction factor above the crossover α ≈ 0.37,
the performance of the switched channel remains larger than
that of the superposed channel. The operating mechanisms
of the two channels are significantly different, but the larger
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performance can be related to the fact that the elementary path
in the switched channel of [9] includes two passes across the
sensed unitary Uξ , when the superposed channel here, in com-
parison, includes only one. A significant observation is that, at
large noise when α → 0, the switched channel also exhibits a
vanishing performance F

swi
c (ξ ) = F

swi
q (ξ ) → 0, and becomes

inoperative for phase estimation, just like the standard probing
qubit, while, as we already mentioned, the superposed channel
remains operative for estimation in this large-noise limit. This
is a remarkable benefit observed with the coherently super-
posed channel to maintain the possibility of phase estimation,
even when the unitary Uξ in Fig. 2 is buried in a fully depo-
larizing noise. No other estimation techniques are known to
share this ability.

Another important difference is that the coherently super-
posed channel here, in order for its control qubit to reach the
optimized performance of Eq. (44) or (54), requires a pure
input probe with a unit Bloch vector 
r prepared in the con-
figuration of Fig. 3. By contrast, the switched channel of [9]
exhibits a control qubit reaching the performance conveyed by
Eq. (66) independently of the preparation 
r of the input probe
qubit. Especially, even when 
r = 
0 with a completely depo-
larized input probe qubit, the control qubit of the switched
channel in [9] maintains its capability for phase estimation,
with the performance of Eq. (66), but this capability disap-
pears in the presence of a fully depolarizing noise N (·) in
Fig. 2. So the superposed channel here requires a pure input
probe qubit optimized as in Fig. 3, but its capability for phase
estimation persists even with a fully depolarizing noise N (·);
by contrast, the switched channel of [9] remains operative for
phase estimation even with a completely depolarized input
probe qubit, but its capability vanishes with a fully depolar-
izing noise N (·). These are two distinct properties, stemming
from the different mechanisms ruling the superposed or the
switched channels, but that are not accessible with conven-
tional estimation techniques. These unconventional properties
can be related to the results in quantum communication of
[3,4,7], also concerning completely depolarizing channels,
which recover ability for information communication when
they are combined into a switched channel with indefinite
order in [3,7] or into a coherently superposed channel in [4,7].
Beyond quantum communication in [3,4,7], the possibility of
recovering from fully depolarizing conditions, through coher-
ent control on quantum channels, under different forms here
and in [9], is extended to the fundamental metrological task of
quantum phase estimation.

To further appreciate the beneficial role of noise in the op-
eration of the coherently superposed channel, we can evaluate,
as in [7], an index of noncommutativity χNC of the underly-
ing Kraus operators, by means of a cumulated trace distance
between their pairwise commutators, and defined in the con-
ditions of Sec. IV as χNC = ∑

j,k tr([K j, Kk]†[K j, Kk]). In
general this noncommutativity index χNC can be expected to
depend on the parameters of the underlying Kraus operators,
in particular here with the channels of Fig. 2 on the parameters
of the unitary Uξ and the noise N (·). For illustration, for
the channels with depolarizing noise studied in Sec. VII and
Fig. 4, the noncommutativity index evaluates to

χNC = 8(1 − α)α sin2(ξ/2) + 3(1 − α)2, (67)

which indeed depends on the unitary Uξ via its phase ξ and on
the noise via its contraction factor α. We observe, consistently,
that the noncommutativity index χNC of Eq. (67) vanishes
at α = 1 when there is no noise and the Kraus operators
commute. On the contrary, χNC in Eq. (67) tends to be large
at strong noise when α → 0, showing that the noise is an
essential ingredient to make the Kraus operators noncommut-
ing and favor the probe-control coupling in the superposed
channel, as discussed in Sec. VI C. The phase-averaged index
χNC = 4(1 − α)α + 3(1 − α)2 = (1 − α)(3 + α) culminates
at χNC = 3 at maximum noise when α = 0 and monotonically
decays to zero as α → 1. In these conditions, maximum noise
achieves maximum noncommutativity of the Kraus operators.
However, as discussed in Sec. VI C, stronger noise, which
favors noncommutativity and coupling, at some point arrives
at a detrimental impact on the phase estimation efficiency,
whence the intermediate level of noise as a compromise to
maximize the performance of phase estimation from the con-
trol qubit in the superposed channel, as reflected for instance
in Fig. 4.

A nonvanishing Fisher information F con
c (ξ ) = F con

q (ξ )
observed for the control qubit of the superposed chan-
nel in the presence of a fully depolarizing noise at
α = 0 is generically preserved with any underlying en-
vironment model. Instead of the unbiased environment
characterized by 〈g|e j〉 = 1

2 for j = 1 to 4 chosen in
Sec. VI E, an arbitrary environment underlying the depo-
larizing noise of Eq. (59) can be handled in Eq. (23)
the general coordinates t0 = 〈g|e1〉√p0 = 〈g|e1〉

√
1 + 3α/2

and 
t = 
e√(1 − p0)/3 = 
e
√

1 − α/2 with the vector 
e =
[〈g|e2〉 , 〈g|e3〉 , 〈g|e4〉]�. As a result, for the vector 
s of
Eq. (28), we have t∗

0 
t = 〈g|e1〉∗ 
e√(1 + 3α)(1 − α)/4 and

t ∗× 
t = 
e ∗× 
e (1 − α)/4. As expressed by Eqs. (32) and
(33), the vector 
s, via the factor Qξ , carries the coupling
of the control qubit to the unitary Uξ , and therefrom the
capability of the control qubit for phase estimation on Uξ .
The important property here is that 
s vanishes, generically,
with vanishing depolarizing noise at α = 1 where 
t = 
0, as
discussed in Sec. VI C; but, on the contrary, 
s does not van-
ish, generically, at maximum depolarizing noise when α = 0
where 
t �= 
0. In this way, with a fully depolarizing noise at
α = 0, the capability for phase estimation of the controlled
qubit of the superposed channel is generically preserved, for
any environment model implementing the depolarizing noise.

For further comparison, it can be considered that the su-
perposed channel, with a control qubit and a probe qubit,
is a two-qubit process, even when measuring only the con-
trol qubit for phase estimation. Accordingly, a comparison
is meaningful also with two-qubit conventional schemes for
estimation [14–16]. With two independent probing qubits,
the performance of conventional schemes assessed by the
Fisher information is additive, and is easily obtained from
the characterization we performed above via Eqs. (57) and
(58). With two entangled probing qubits, the performance
of conventional schemes assessed by the Fisher information
can be superadditive, benefiting from Heisenberg enhance-
ment, which is nevertheless very fragile in the presence of
noise [15,16,42]. But, in any case, in the presence of a fully
depolarizing noise N (·), a standard interaction of the noisy
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unitary of Fig. 2 with a probing qubit always outputs the com-
pletely depolarized state I2/2 where any information about
the unitary Uξ is suppressed. Therefore, with two or even
more independent or entangled probing qubits, conventional
techniques will remain inoperative for phase estimation in the
presence of fully depolarizing noise, while the control qubit of
the superposed channel remains operative, as we have shown
above.

In the coherently superposed channel, after measurement
of the control qubit, the probe qubit gets placed in the con-
ditional state ρ

post
± of Eqs. (36) and (37), which generally

depends on the phase ξ , as expected for a qubit directly
interacting with the unitary Uξ . Measuring ρ

post
± can therefore

provide additional information to estimate ξ . The performance
upon measuring ρ

post
± is, however, more complicated to ana-

lyze and optimize, depending on the geometry as in Fig. 3,
and the optimality conditions usually depend on which of the
two conditional states ρ

post
+ or ρ

post
− is obtained. An interesting

property is that, with a fully depolarizing noise, the condi-
tional Bloch vector 
r post

± of Eq. (37) remains dependent on
the phase ξ , and can therefore be exploited for its estimation,
although it is to more difficult to do it optimally.

Finally, if one resorts to measuring the probe qubit as well
as the control qubit, a joint measurement of the two-qubit state
S(ρ ⊗ ρc) of Eq. (20) could be envisaged as an alternative for
estimation. This is a fortiori a more complicated strategy to
analyze, to optimize, and to implement. Interesting properties
could nevertheless result, based on the capabilities revealed
by the analysis of the control qubit of the superposed channel
we performed here.

VIII. CONCLUSION

We have analyzed the coherently superposed channel of
Fig. 1 when superposing two copies of a qubit unitary operator
Uξ affected by a general qubit noise as in Fig. 2. A charac-
terization has been developed for the joint state S(ρ ⊗ ρc)
in Eq. (20) of the probe-control qubit pair of the coherently
superposed channel. As an application, an analysis of the
superposed channel and its performance has been performed
for the fundamental metrological task of phase estimation on
the unitary Uξ in the presence of noise. A comparison has
also been made with conventional techniques of estimation
and with the switched quantum channel with indefinite causal
order studied in [9] for a similar task of phase estimation. In
particular, this study complements the recent study of [9], so
as to obtain a consistent analysis of the capabilities of co-
herently controlled channels, superposed or switched, for the
fundamental metrological task of quantum phase estimation
on a noisy unitary operator.

A first important observation here is that the control qubit
of the superposed channel, although it never directly inter-
acts with the unitary Uξ , can nevertheless be measured alone
for effective estimation on Uξ , while discarding the probe
qubit that interacts with the unitary Uξ . This property also
occurs in the switched channel of [9], but it never occurs with
conventional techniques where auxiliary inactive qubits must
be measured with the active probing qubits to be of some
use for estimation. This property of a Uξ -dependent control
qubit in the superposed channel is generically established in

broad conditions here, for any qubit noise N (·) in Fig. 2 and
underlying environment model. In addition, the optimal mea-
surement of the control qubit with maximum efficiency for
phase estimation has been characterized in general conditions
on the noise and environment.

A second important observation is that the noise plays an
essential role in coupling the control qubit to the unitary Uξ ,
with usually a nonzero amount of noise maximizing the effi-
ciency of the control qubit for phase estimation on Uξ . This is
also established to hold generically in the superposed channel,
for any qubit noise and environment model. In addition, it
is observed that the control qubit of the superposed channel
remains operative for phase estimation at very strong noise,
even with a fully depolarizing noise with any implement-
ing environment, whereas conventional estimation techniques
and the switched channel with indefinite order of [9] be-
come inoperative in these conditions. This represents here a
specificity of the superposed channel that is significant for
noisy quantum metrology. The fully depolarizing noise, which
does not suppress the estimation capability in the superposed
channel here, is reminiscent of the completely depolarizing
channel that enables information communication when placed
in coherently controlled associations, switched or superposed,
as shown in [3,4,7]. However, the tasks and performance
metrics are different for estimation and communication, and
the present results provide additional elements for broader
appreciation of the capabilities and specificities of coherently
controlled channels, switched as well as superposed, as novel
devices exploitable for various tasks of quantum information
processing.

The characterization of the joint probe-control state S(ρ ⊗
ρc) carried out in Sec. IV could be further exploited for other
purposes involving the noisy unitary placed in a coherent
superposition. Estimation of the axis 
n of the unitary could
as well be envisaged, and due to the fundamental coupling
described by Eqs. (32) and (33) via the Uξ -dependent factor
Qξ , such estimation again would be possible by measuring the
control qubit alone.

As we have seen in the analysis, the operation of the co-
herently superposed channel and the joint probe-control state
S(ρ ⊗ ρc) of Eq. (10) it outputs depend on the underlying
implementation of the nonunitary channels realized by the en-
vironment. When superposing two identical qubit channels, as
done for phase estimation on Uξ , this dependence can be en-
capsulated in four real scalar parameters (s0, 
s), independently
of the size and constitutive details of the environment. If these
parameters (s0, 
s) cannot be deduced from prior knowledge
or assumptions available for the underlying environment, they
can be included in the estimation process analyzed in the study
and can be estimated from measurement of the control qubit
of the superposed channel. Such an estimation process of a
few scalar parameters for the environment in fact provides a
handle enabling to put in practical use coherently superposed
qubit channels, for phase estimation as addressed here, but
also for information communication as addressed in [4,7], or
for other tasks of quantum signal and information process-
ing. For instance, in practice, based on the present analysis,
a unitary process invincibly hidden in a fully depolarizing
noise could become amenable to estimation via its duplica-
tion and insertion in a interferometric setup as in [4,10,11]
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experimentally realizing the controlled coherent superpo-
sition. Other possibilities are opened for exploration by
exploiting coherently controlled channels for quantum signal
and information processing.

APPENDIX

In this Appendix we provide additional elements on the
Stinespring implementation of quantum channels, like chan-
nels (1) and (2) of Sec. II, and having special relevance for
their coherent superposition as in Fig. 1. On a quantum system
Q with Hilbert space H , a quantum operation or channel
ρ �→ E(ρ) defined by a set of K Kraus operators {K j}K

j=1 of
L(H ), can be obtained [12,13] from an environment model E
with a K-dimensional Hilbert space HE implementing on the
joint system-environment compound QE the (dilated) unitary
evolution

|ψ〉 ⊗ |g〉 UJ�−−→ UJ |ψ〉 ⊗ |g〉 = |φQE 〉 ∈ H ⊗HE (A1)

for any state |ψ〉 ∈ H of system Q and where |g〉 ∈
HE is the initial state of the environment E . An or-
thonormal basis {|e j〉}K

j=1 of the K-dimensional environment
space HE is used for performing partial tracing over the
environment, in order to obtain the quantum operation
on system Q as ρ = |ψ〉 〈ψ | �→ E(ρ) = trE (|φQE 〉 〈φQE |) =∑K

j=1 〈e j |φQE 〉 〈φQE |e j〉. From Eq. (A1) we obtain in this way
the operator-sum representation of the quantum operation as
E(ρ) = ∑K

j=1 K j |ψ〉 〈ψ | K†
j , defining the Kraus operators

K j = 〈e j |UJ|g〉 (A2)

for j = 1 to K , via the notion of partial inner product [12,43].
By linearity, the same operator-sum representation of E(ρ)
applies when ρ is a mixed state as a convex sum of pure
states like |ψ〉 〈ψ |. Then Eq. (A2) enables us to write an
equivalent form for the joint unitary evolution UJ of the
system-environment compound QE of Eq. (A1) as

|ψ〉 ⊗ |g〉 UJ�−→
K∑

j=1

K j |ψ〉 ⊗ |e j〉 = |φQE 〉 ∈ H ⊗HE , (A3)

forming the ground for the evolutions of Eqs. (1) and (2). For a
given quantum operation E(·), the minimal number of Kraus
operators is determined by the rank of E(·) and is no larger
than [dim(H )]2. Any two sets {K j}K

j=1 and {K′
k}K ′

k=1 of Kraus
operators offer an equivalent operator-sum representation of
the same quantum operation E(·), if and only if they can be
connected [12] via a unitary transformation

K′
k =

K ′∑
j=1

uk jK j, (A4)

where the smaller set of the two has been complemented with
null operators to equalize the sizes K and K ′, and the complex
numbers [uk j] form a (square) unitary matrix, in particular sat-
isfying

∑
� u� ju∗

�k = δ jk and
∑

� u j�u∗
k� = δ jk , so that Eq. (A4)

inverts as K j = ∑
k u∗

k jK
′
k .

A given environment model fixed by (|g〉 , UJ) in Eq. (A1),
with dimension K , generates the set {K j}K

j=1 of K Kraus oper-
ators via Eq. (A2) when the K-dimensional environment space

HE is referred to the orthonormal basis {|e j〉}K
j=1. From here,

a larger set {K′
k}K ′

k=1 of K ′ � K Kraus operators offering an
equivalent representation for the same quantum operation E(·)
can be obtained via Eq. (A4), for any size K ′ � K , by fixing a
unitary matrix [uk j]. This larger set {K′

k}K ′
k=1 of K ′ � K Kraus

operators can be associated with an environment model E ′,
which, according to the logic above, will be tied to a larger
Hilbert spaceH ′

E with dimension K ′ � K . This Hilbert space
H ′

E can be selected in such a way that HE with dimension K
for the environment E is a subspace of H ′

E with dimension
K ′ � K for the environment E ′, this corresponding to enlarg-
ing the number of degrees of freedom of the environment
coupled to system Q.

From the unitary connection of Eq. (A4), the set {K′
k}K ′

k=1 is
recovered by the partial products K′

k = 〈e′
k|U′

J|g〉 by referring
to the orthonormal basis {|e′

k〉}K ′
k=1 ofH ′

E . This basis {|e′
k〉}K ′

k=1
ofH ′

E is connected to the basis {|e j〉}K
j=1 ofHE via the unitary

transformation

|e′
k〉 =

K ′∑
j=1

u∗
k j |e j〉 ⇐⇒ |e j〉 =

K ′∑
k=1

uk j |e′
k〉 , (A5)

where the smaller basis {|e j〉}K
j=1 of HE ⊆ H ′

E has been
complemented (in a noncritical way) by K ′ − K orthonormal
states {|e j〉}K ′

j=K+1 to reach an orthonormal basis of H ′
E . In

a comparable way, the unitary U′
J acting in the larger space

H ⊗H ′
E , has an action coinciding with UJ in H ⊗HE , and

is complemented outside in a noncritical way. The initial
state |g〉 ∈ HE ⊆ H ′

E does not change while enlarging the
environment dimensionality, and the evolution of the system-
environment compound of Eq. (A3) can be written in the two
alternative forms

|ψ〉 ⊗ |g〉 �−→
K∑

j=1

K j |ψ〉 ⊗ |e j〉 =
K ′∑

k=1

K′
k |ψ〉 ⊗ |e′

k〉

= |φQE 〉 ∈ H ⊗HE ⊆ H ⊗H ′
E . (A6)

In this way, starting from a set {K j}K
j=1 of K Kraus oper-

ators and its generative environment model, we can deduce,
by introducing an arbitrary unitary matrix [uk j], an infi-
nite number of equivalent Kraus sets {K′

k}K ′
k=1 along with

their generative environment model, and representing the
same quantum operation E(·). The significant feature for the
superposed channel of Fig. 1 is that all these equivalent rep-
resentations share the same transformation operators like T1

and T2 of Eqs. (8) and (9) since by the unitary connections of
Eqs. (A4) and (A5) we generically have

T1 =
K∑

j=1

〈g|e j〉 K j =
K ′∑

k=1

〈g|e′
k〉 K′

k . (A7)

Moreover, by expressing in Eq. (A7) the Kraus operators
by their partial product expression, we finally obtain T1 =
〈g|UJ|g〉, manifesting the invariance of the transformation op-
erators of Eqs. (8) and (9) in the change of Kraus operators.
This is the same as T1 = 〈g|U′

J|g〉 = 〈g|UJ|g〉 for any enlarged
unitary U′

J since their action on |g〉 all coincide. In this re-
spect, the specific choice of one set of Kraus operators with
associated environment model, among all equivalent sets for
channels (1) and (2) as described above, will not change T1
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and T2 in Eqs. (8) and (9), and therefore will not affect the
operation of the superposed channel of Fig. 1. The modeling
problem is to have access, for each channel (1) and (2), at least
to one convenient pair of Kraus set and environment model,
among the infinite number of equivalent pairs, so as to have
access to a characterization of the transformation operators T1

and T2 of Eqs. (8) and (9) governing the coherent superpo-
sition in Fig. 1. This may require, for each channel (1) and

(2), beyond a set of Kraus operators, additional knowledge
or assumptions concerning the underlying implementation.
Alternatively, in the absence of such constitutive informations
or modeling assumptions, an estimation procedure can be
envisaged of the unknown channel parameters, as examined in
Sec. VI D. Besides, in the paper, for qubit channels, we work
out a general description having common validity for arbitrary
channel parameters.
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