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Quantum noise or decoherence is a major factor impacting the performance of quantum tech-
nologies. On the qubit, an important quantum noise, often relevant in practice, is the thermal
noise or generalized amplitude damping noise, describing the interaction with a thermal bath at
an arbitrary temperature. A qubit thermal noise however cannot be modeled nor directly
simulated with a few elementary Pauli operators, but instead requires specific operators. Our
main goal here is to construct a circuit model for simulating the thermal noise from standard
elementary qubit operators. Starting from a common quantum-operation model based on Kraus
operators and an associated qubit-environment model, we derive a proper Stinespring dilated
representation for the thermal noise. This dilated unitary model is then decomposed in terms of
simple elementary qubit operators, and converted into a circuit based on elementary quantum
gates. We arrive at our targeted simulator circuit for the thermal noise, coming with built-in
easy control on the noise parameters. The noise simulator is then physically implemented and
tested on an IBM-Q quantum processor. The simulator represents a useful addition to existing
libraries of quantum circuits for quantum processors, and it offers a new tool for investigating
quantum signal and information processing having to cope with thermal noise.

Keywords: Quantum noise; quantum signal; noise modeling; noise simulation; quantum pro-
cessor; decoherence.

1. Introduction

At the quantum level, quantum noise or decoherence represents the alteration of
quantum states or signals caused by their interaction with an uncontrolled envi-
ronment [1-3]. Quantum noise is a major factor impacting the performance of
quantum technologies and quantum information processing [4—6]. It is therefore
essential to take quantum noise into account when designing, testing and developing
quantum methodologies and devices. In this respect, both theoretical modeling and
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controlled physical simulation are important elements for coping with quantum noise
in quantum technologies. For the fundamental system of quantum technologies
constituted by the qubit, there exist common noises, such as the bit-flip noise, the
phase-flip noise, and the depolarizing noise, whose action can be conveniently
modeled with a few elementary Pauli operators [1, 3]. With such a simple and generic
constitution, these noises are relatively easy to handle and can be rather directly
simulated from elementary gates available in circuit libraries of current quantum
processors. Another very important qubit noise is the quantum thermal noise or
generalized amplitude damping noise [1, 7, 8], which describes the interaction of the
qubit with a thermal bath at an arbitrary temperature, and which is therefore fre-
quently relevant in practice. However, by contrast, this noise does not possess a
simple model based on the standard Pauli operators, but instead requires specific
operators. These specific operators are not found in the gate libraries of standard
quantum processors. As a consequence, this thermal noise model is not associated
with a known direct circuit implementation from elementary gates. In this study, we
target to arrive at such a simulator circuit for the qubit thermal noise, implementable
with elementary gates available in libraries of standard quantum processors, and
enabling controlled physical simulation.

Our starting point is a common quantum-operation model for the thermal noise
based on four Kraus operators and an associated qubit-environment model. From
these elements, we derive a proper Stinespring dilated model for the thermal noise.
The dilated unitary representation is then decomposed and expressed by means of
simple elementary qubit operators. This decomposition is then converted into a
simulator circuit for the thermal noise, constituted by elementary quantum gates,
with also built-in easy control on the parameters of the thermal noise. This quantum
circuit is then physically implemented and tested on an IBM-Q quantum processor
accessible online, to validate that it behaves according to the theoretical specifica-
tions of the thermal noise model. In this way, the results deliver the targeted
quantum circuit for controlled simulation of the qubit thermal noise on quantum
processors, offering a new tool for design and test in quantum signal and information
processing.

2. Modeling of the Qubit Thermal Noise
2.1. Kraus operator-sum representation

A quantum thermal noise or generalized amplitude damping noise acting on a qubit
with 2-dimensional Hilbert space H, is commonly modeled [1, 8] by means of the four
Kraus operators with matrix representation relative to the computational basis
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On a qubit with density operator p € L(H,), the thermal noise realizes the quantum
operation
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Such a noise provides a model [1, 8], useful to quantum technologies, to describe
the interaction of a qubit with an uncontrolled environment representing a thermal
bath at temperature T. The parameter v € [0,1] is a damping or coupling factor
which often can be expressed as a function of the interaction time ¢ of the qubit with
the bath asy = 1 — e /7, where 7, is a time constant for the interaction (such as the
spin-lattice relaxation time 7; in magnetic resonance). At long interaction times
t > 71, then 7 — 1 and the qubit relaxes to the equilibrium or thermalized mixed
state ps = p|0){0] + (1 — p)|1)(1]. At equilibrium, the qubit has probabilities p of
being measured in the ground state |0) and 1 — p of being measured in the excited
state |1). With the energies E and E| > E, respectively, for the states |0) and |1),

the equilibrium probabilities are governed by the Boltzmann distribution, giving

b= exp[—Ey/(kpT)) _ 1
exp[—Ey/(kpT)] + exp[=E /(kgT)] 1+ exp[—(Ey — Ey)/(kgT)]’

and providing the connection between the temperature T" and the probability p. As
T — 0 the probability p — 1 for the ground state |0), while at T'— oo the ground
state |0) and excited state |1) become equiprobable with p = 1/2. From Eq. (6), when
the temperature 7' monotonically increases above 0 up to oo, the probability p
monotonically decreases from 1 to 1/2.

When the input density operator has matrix representation p = [pgg, Po1; P61, 1 —
Poo] in the computational basis, the transformed (output) noisy density operator
delivered by Eq. (5) follows as

N(p) = (1 =7)poo +p V1 —="py 7
VI=ap5 1= (1—=7)pew — P

(6)

2.2. Stinespring dilated unitary representation

An alternative model for the qubit thermal noise is by means of a Stinespring dilated
unitary representation [1, 2, 9, 10]. This approach involves the introduction of a
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model for the environment and its interaction with the qubit, in order to deduce an
evolution of the qubit state equivalent to Eq. (5). Such a model is especially necessary
when one wants to design a quantum circuit so as to physically simulate, in a
controlled way, the effect of the thermal noise on the qubit. In turn, such
physical noise simulators are useful to test quantum signal or information processing
methodologies and algorithms under controlled noise conditions. In addition,
novel quantum phenomena recently investigated and involving a non-unitary evo-
lution of a qubit as in Eq. (5), require for their complete determination an explicit
reference to a model for the underlying environment producing the non-unitary
evolution [11, 12].

For a principal quantum system @ (here our qubit prepared in state p) with
Hilbert space H, and experiencing a non-unitary evolution p— N(p), a
Stinespring dilated unitary representation introduces an environment F with Hilbert
space Hp. The environment E is prepared in a pure quantum state |e;) € Hp. The
system-environment compound QF forms a closed quantum system, starting in
the separable bipartite state p® |eg)(ey|, and undergoing a joint unitary
evolution by the unitary operator Ugg. The evolved bipartite state is then reduced
by partial tracing over the environment FE, so as to obtain the reduced density
operator

§ = trz[Ugr(p @ leoeo)U (8)

resulting for the principal system Q. By the Stinespring dilation theorem [13, 1], any
operator-sum representation as in Eq. (5) defining a valid non-unitary evolution
p — p = N(p), can be obtained by such a tensoring to a larger (dilated) system that
is unitarily evolved and then reduced by partial tracing as in Eq. (8).

For a given quantum operation N (-) defined by a set of Kraus operators {A;} 1
as in Eq. (5) with K = 4, the task is then to select an environment model with its
initial state |eg) and a joint unitary evolution Ugp, so as to satisfy o' = N (p) in
Eq. (8). This can be achieved in a infinite number of ways. There however exists a

canonical procedure as follows. For any pure state |Q) € H, of the principal system
@, and initial state |e;) € Hp of the environment E, the joint unitary evolution Ugp
is defined by

UorlQ) @ leg) = ZAA\Q ® lex) = [Ygr), 9)

where {|e;)} &, is an orthonormal basis of the K-dimensional space Hp chosen for
the environment E. The density operator associated with the bipartite state [1{,) of

Eq. (9) is

por = Vor) (Von! = ZZA/JQ WQIAL @ lex)(ex, (10)

k=1 k=
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which upon partial tracing over the environment F provides the reduced density
operator for the principal quantum system @ as

K
P = teplplr) = > AJQ)QIAL (11)
k=1

matching the targeted quantum operation defined by the Kraus operators {Ak}{.‘;l.
An initial mixed state p of the principal system @ transforms in the same way, as a
convex sum of pure states like |Q)(Q|, by linearity of Eq. (11).

To obtain an environment model simulating the quantum thermal noise
according to this procedure, the K = 4 Kraus operators A, of Eqgs. (1)—(4) imply a
4-dimensional environment F, achievable with a pair of qubits referred to the or-
thonormal basis {|e;)}t_; = {|00),]01),|10),[11)} of Hp = H52. Then, for an arbi-
trary pure state |Q) = o|0) + aq|1) € H, of the input qubit, Eq. (9) leads to

Ugrl@) @ leg) = A1|Q) ® |00) + A, |Q) ® |01) + A3]Q) ® |10) + A4|Q) ® [11)  (12)
= /Blap|000) + a1 /7]001) + oy /T — ~[100)]
1fp[ozos/lf'y|010>+a1|110>+a0\/'_y|111>}, (13)

that must be satisfied by selecting Uy and |e).

For a useful noise simulator which we target here, it is important to devise an
efficient control over the thermal noise parameters (p,~y). One potential solution
could be to seek to control the noise parameters (p,~) by means of the initial state
leg) € HS? of the two-qubit environment model, associated with a fixed
(p,7)-independent unitary Uy g in Egs. (12) and (13). One could try for instance the
separable state |eg) = (1/p|0) + /1 —p|1)) ® (1/7]0) + /1 —171)), or else a more
involved entangled state. Then, usually |ey) will vary in the 4-dimensional space H?Q
when (p,7) cover [0,1]%. With |Q) covering H,, the joint state |Q) ® |ey) will in
general vary in the 8-dimensional space H§3. However, Eq. (13) shows that the
three-qubit transformed state Ugp|Q) ® |e;) assumes no component in the
subspace spanned by {|011),]101)} and therefore remains in a 6-dimensional sub-
space of Hgm. Since the 8-dimensional space 7-[5@3 cannot be unitarily mapped onto
the 6-dimensional subspace defined by Eq. (13), no control of (p,v) can be generally
achieved via the initial state |ey) associated with a fixed (p,y)-independent unitary
Ugr satistying Eqs. (12) and (13).

3. A Simulator Circuit

Instead, to guide a useful selection of the constituents (|ey), Ugg) of the environment
model, especially affording efficient control of the noise parameters (p,v), we will
make use of a model [8, 14] inspired from a bosonic channel for a single optical mode
coupled to another (dissipating) optical mode at a beamsplitter with transmittivity
1 —~ and reflectivity . When one of the input arms (mode) on the beamsplitter
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contains no photon, then in the incident arm (mode), a photon is transmitted un-
altered with probability 1 — ~, while it is reflected into the other output arm (mode)
with the complementary probability « [8]. This model is known as the thermal at-
tenuator [8, 14], and it exhibits some formal equivalence with the qubit thermal noise
we are interested in. In the thermal attenuator, the environment is represented by a
2-dimensional quantum system prepared in the mixed state p,, = p|0){(0] + (1 —
p)|1)(1] determined by the equilibrium or thermalized state of the thermal bath. The
input qubit and the 2-dimensional environment interact through the unitary operator

1 0 0 0
Vi-vy

0
-V VI=7y of
0 0 1

Uth = (14)

o o O

evolving the bipartite state p ® po — Uy, (p ® poo)U:h. Then it is easily verified that
partial tracing of this transformed state over the environment produces the state A (p)
of Eq. (7). However, strictly speaking, with this model based on Eq. (14) given in [8], we
are not dealing for the qubit thermal noise A/ (-) with a proper Stinespring dilated
representation asin Eq. (8). The reason is that in this noise model based on Eq. (14) the
environment starts in a mixed qubit state p.,, while a proper Stinespring dilated
representation [1, 2, 9, 10] requires an environment starting in a pure state as |ey) in
Eq. (8). It is possible to obtain a proper Stinespring dilated representation as in Eq. (8),
and at the same time, for our purpose of constructing a simulator circuit for the thermal
noise, obtain an easy control on the noise parameter p. This is accomplished by in-
troducing a purification of the initial state p,, of the environment. This can be realized
by resorting to an additional auxiliary qubit, which is entangled to the environment
qubit by a preparation in the pure two-qubit state ,/p|00) + /1 — p|11); then partial
tracing on the auxiliary qubit places the environment qubit in the targeted mixed state
Pse = P|0){0] + (1 — p)|1)(1]. Moreover, in practice this operation is easily accom-
plished by a Cnot gate fed by a target qubit in state |0) and a control qubit in state
Ip) = /P|0) ++/1 —p|1). The two qubits at the Cnot output terminate in the joint
entangled pure state ,/p|00) + /I — p|11). When the target qubit is then discarded
(non-measured), the resulting uncertainty is described by partial tracing of the
joint state over the target qubit, and the control qubit gets placed in the mixed state
Poo = P|0)(0] + (1 — p)|1)(1]| as expected [1, 2]. A quantum circuit achieving this

0) —>——P > |

lp) —> > oo

Fig. 1. Control of the parameter p of the thermal noise: The Cnot gate is fed by a target qubit in state |0)
and a control qubit in state [p) = /p|0) + +/1 — p|1). On the two-qubit output state /p|00) + /1 — p|11),
when the target qubit is discarded, the control qubit is described by the mixed state p,, = p|0)(0|+
(L =p)I1)(1].
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process is depicted in Fig. 1, that when input with a control qubit in state
lp) = /pl0) + /1 — p[1) will provide the targeted control on the parameter p of the
thermal noise.

The process illustrated in Fig. 1 restores a proper Stinespring dilated representa-
tion for the qubit thermal noise NV (+), with a two-qubit environment model prepared in
the pure state \/p|00) + /T — p[11) = |ey) along with a joint dilated unitary evolution
acting trivially on the auxiliary qubit initialized in state |0) in Fig. 1, and giving in
Eq. (8) the three-qubit unitary Uyp = Uy, ® I,. Also, an advantage in proceeding in
this way for constructing a simulator model for the qubit thermal noise, is that we
obtain a convenient separated control of the noise parameters (p, 7y): the probability p
is controlled via an auxiliary qubit in the initial state |p) = /p|0) + /1 — p|1) of
Fig. 1, while the coupling factor + is controlled via the unitary Uy, of Eq. (14).

It is also useful to seek a simple implementation of the two-qubit unitary Uy, of
Eq. (14). Based on their universality property for the synthesis of quantum circuits
[1, 15], we know that the two-qubit Cnot gate complemented by one-qubit gates can
offer an implementation for U,;, as well as for any unitary operator. Such a synthesis
can be carried out by applying the generic procedure described in [1, 15], that we
apply and report here for the first time for a simulator of the qubit thermal noise. The
procedure would start by decomposing the unitary operator into two-level unitary
matrices, which is always feasible in principle [1] (two-level unitary matrices are
unitary matrices that act non-trivially only on two or fewer vector components).
Here, our unitary matrix of interest Uy in Eq. (14) is already a two-level unitary
matrix, acting non-trivially only on the two vector components along |01) and |10).
The two-level part of the matrix U, is extracted as

G:[m ﬁ]
Vi VI=a]

The two-level unitary Uy, of Eq. (14), when it acts on the compound QF of the

(15)

principal qubit ) and environment qubit E, implements a transformation that can
be decomposed into the sequence of three elementary unitary transformations de-
fined in Fig. 2 by their action on the computational basis of H?Q.

QE T, QE Uc QE T'=T, QE
00) +— 100) +— 100) — 100)
01— 1) — (VT=7I0) = y¥ID)I1)  —  YT=yI0) - y¥[10)
10) = 1) > (V70 + T=7ID)I1)  —  \FI0D) + T=7]10)
[11) +— [10) +— [10) — [11)

Fig. 2. The sequence of three elementary unitary transformations Ty, then the controlled Uc from
Eq. (15), and finally T{! = T, acting on the qubit pair QE, to realize the unitary transformation Uy, of
Eq. (14).
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The first transformation T; in Fig. 2 rearranges the vector components for the
qubit pair QF so that the two-level transformation of Eq. (14) gets applied only to
one (the qubit @) of the two quits. This transformation T; amounts to a controlled-
not on the qubit E controlled by the qubit ¢), and will therefore receive a simple
circuit implementation with a Cnot gate. The second transformation Uc in Fig. 2 is
the one-qubit unitary U of Eq. (15), acting only on qubit () yet under the control of
qubit E. We will therefore have to obtain a controlled version of the one-qubit gate U
of Eq. (15). The third transformation in Fig. 2 restores the initial arrangement of the
vector components for the qubit pair QF, via the inverse transformation T;! =T,
coinciding with T;. After the sequence of Fig. 2, the state of the qubit pair QF has
experienced the targeted unitary transformation Uy, in Eq. (14). The sequence of
Fig. 2 can be given a simple circuit implementation depicted in Fig. 3.

We now want to work out a simple circuit implementation for the controlled gate
Uc used in Fig. 3, that is, a circuit where a control qubit at |1) applies the gate U to
the target qubit, while a control qubit at |0) leaves the target qubit unaffected. For
this purpose, we follow the generic procedure of [1, 15] to construct a controlled
version of an arbitrary one-qubit gate. The unitary transformation U of Eq. (15)is a
rotation in the space H, by the angle £ € [—7/2, 0] defined by cos(¢) = /1 — v and
sin(§) = —,/7, that is { = —arcsin(/7). It is convenient to introduce the standard
one-qubit gate R (§) defined by the rotation matrix

L8y L [eos(€/2) —sin(&/2)
2Y> Liﬂ(§/2) cos(€/2)

S0 that U= Ry(2). More importantly for our purpose, we also have
U=Ry(XRy (=&)X, with the standard inversion or “not” Pauli matrix
X =1[0,1; 1,0]. This decomposition for U can be verified by directly performing the
matrix products; it also results from [15, Lemma 4.3] or [1, Corollary 4.2] on p. 176. In
addition we have Ry (§)Ry(—§) = L. It results that if we apply the control on X with a
standard Cnot gate, we obtain the controlled gate Uc that is targeted. The circuit
implementation of this procedure is depicted in Fig. 4.

Now we can assemble the three quantum circuits of Figs. 1, 3 and 4 so as to obtain
the simulator circuit for the quantum thermal noise on the qubit with arbitrary
parameters (p, ), as represented in Fig. 5.

The circuit of Fig. 5 realizes a Stinespring dilated unitary representation
according to the principles of Sec. 2.2, to simulate the qubit thermal noise N (+)

R,(€) = exp( (16)

m m
E —» \\P \\% >
Q »> Uc >

Fig. 3. Quantum circuit implementation realizing on the qubit pair QF the unitary transformation Uy, of
Eq. (14) via the decomposition of Fig. 2, and using a controlled version Uc of the gate U from Eq. (15).
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. .
Lol ol

Q —>—— R/(-) D R(&) —>

Fig. 4. Quantum circuit implementation of the controlled gate Uc used in Fig. 3, featuring two one-qubit
standard R, rotation gates from Eq. (16) and two Cnot gates, and applying the transformation U to the
target qubit @ under the control of the qubit C.

0) >—P—> _]

Jan
\N
Jan
\N
\

Ip) —>

Ry(=¢)

Ry(€)

Q

\
a
A%
a
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Fig. 5. Quantum circuit simulating the quantum thermal noise N(-) defined by the quantum operation of
Egs. (1)-(5) on the principal qubit Q. The input auxiliary qubit in state |p) = \/p|0) + /T — p|1) € H, sets
the parameter p of the thermal noise. The two one-qubit rotation gates Ry(-) with the angle £ =
—arcsin(,/7) set the parameter y of the thermal noise.

defined by the quantum operation of Egs. (1)—(5). The four Kraus operators in
Egs. (1)—(4) for the qubit thermal noise determine a 4-dimensional environment
implemented by two auxiliary qubits in Fig. 5, in addition to the principal qubit Q
experiencing the thermal noise, for a total of three qubits used by the noise simulator.
The two auxiliary environment qubits are initialized in the pure separable state
|p) ® |0), with the qubit prepared in state |p) = ,/p|0) ++/1 — p[1) enabling one to
adjust the parameter p of the thermal noise. The quantum circuit of Fig. 5 to sim-
ulate the qubit thermal noise A/(-) relies only on elementary quantum gates: 5 two-
qubit Cnot gates and 2 one-qubit rotation gates R (-). The angle { = —arcsin(,/7)
for the rotation gates enables one to adjust the parameter y of the thermal noise. The
two environment qubits in the circuit of Fig. 5 are discarded (non-measured), and the
circuit output marked A (-) delivers the noisy qubit affected by the thermal noise
with controlled parameters (p, 7).

In the special case with p = 1, the qubit thermal noise reduces to the amplitude
damping noise [1], defined by only two nonzero Kraus operators A; and A, in place of the
four operators of Egs. (1)—(4), and it describes the interaction of the qubit with a thermal
bath at a zero temperature 7' = 0. In this special case, the control state |p) in Fig. 5
reduces to the state |0), and our circuit of Fig. 5 is equivalent to the quantum circuit for
modeling amplitude damping given in Fig. 8.13 of [1]. The more general circuit of Fig. 5
is a contribution to extend the noise modeling to an arbitrary temperature 7.
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4. Physical Implementation and Test

The simulator circuit of Fig. 5 for the qubit thermal noise has been physically
implemented and tested on an IBM quantum processor publicly accessible online on
the web [16—22]. The quantum circuit is described via the graphical composer of the
front-end interface of the IBM processor. The circuit description invokes a library of
built-in elementary quantum gates available on the processor (which motivates the
necessity of decomposing into elementary gates the quantum operation of the qubit
thermal noise, as undertaken in Sec. 3). Among standard elementary gates in the
IBM quantum library are the two-qubit Cnot gate, and the one-qubit rotation gate
Ry(§) at an arbitrary angle £. The circuit layout for the thermal noise simulator of
Fig. 5 is displayed in Fig. 6, while the code issued to describe the circuit is given
in Fig. 7.

The input qubit state |p) = /p|0) + /1 — p|1) used in the simulator of Fig. 5 to
set the probability p of the thermal noise, is realized in the circuit of Fig. 6 by an
additional rotation gate R (,) with angle {, = 2arccos(/p), fed with the input state
|0) and outputting |p) (acting on the qubit ¢; in Fig. 6).

q o— ||J)

q 1—|0)

q >—|0)

Fig. 6. Circuit layout from the front-end graphical composer interface of the IBM quantum processor,
implementing the simulator of Fig. 5 for the qubit thermal noise.

OPENQASM 2.0;
include "gelibl.inc";

areg q[37;
creg c[3];

reset q[0];

reset q[1];

reset q[2];

ry(pi/3) qlll;

cx q[1],q[0];

cx q[2],q[1];

cx q[1],q[2];
ry(1.107148717794090) q[2];
cx q[1],q[2];
ry(-1.107148717794090) q[2];
cx ql2],q[1];

Fig. 7. Code generated by the IBM graphical composer interface to describe the quantum circuit layout
of Fig. 6.
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With the noise simulator running on the quantum processor, for various states |Q)
of the input qubit @ (the qubit ¢, in Fig. 6), quantum measurements on the output
noisy state N'(|Q)(Q)|) were performed, for different configurations of the parameters
(p, y) of the thermal noise. In particular, the probability Pr{|Q)} = (QIN (|Q){Q])|Q)
of measuring the output state N (|Q){Q)|) in the input state |Q) was evaluated, which
here equivalently represents the squared fidelity [1] of the output state N (|Q)(Q)|)
with the input state |@Q). The experimental results are presented in Figs. 8-10.

In the tests of Figs. 8-10, for a given state |Q) of the input qubit @, the proba-
bilities of the measurement outcomes on the output noisy state N(|Q){(Q]) are
theoretically predicted from the model of Eq. (7). For comparison, the same mea-
surement probabilities are also theoretically evaluated, from the circuit layout of
Fig. 6, by means of the preprocessing simulator associated with the IBM quantum
processor. The results of Figs. 8-10 always show an excellent match between the
theoretical probabilities resulting from Eq. (7) and those computed by the pre-
processing simulator. This validates that the simulator circuit designed in Fig. 5
indeed behaves according to the specifications of the quantum thermal noise model of
Egs. (1)—(5). Finally for comparison, the measurement probabilities have been ex-
perimentally evaluated from the physical implementation of the noise simulator of
Figs. 5 and 6. The implementation has been executed on the “ibmq_bogota” quan-
tum processor from [16]. For each data point in Figs. 8-10, the run of the quantum
circuit with the final output measurement was repeated 10* times, and the corre-
sponding probability value evaluated as a relative frequency. A batch of 10* runs
typically took around 10 s on the quantum processor. The IBM quantum processors,

obability
o
oo
(¢}

303[ 1
Q02 1
04t 1

0 01 02 03 04 05 06 07 08 09 1
noise coupling ~

Fig. 8. For a noise probability p = 1/2 (high temperature range) and an input qubit @ in state |0), the
probability Pr{|0)} = (0|A/(]0)(0])|0) of measuring the output noisy qubit in the state |0, as a function of
the coupling parameter v of the thermal noise. The solid line is the theoretical model Pr{|0)} =
yw+1—7v=1-+/2 from Eq. (7). The crosses (x) show the theoretical value computed by the pre-
processing simulator from the circuit layout. The open circles (o) show the experimental evaluation.
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ability
®

0 L L L
0.5 0.6 0.7 0.8 0.9 1

noise probability p

Fig. 9. For a noise coupling v = 0.8 and an input qubit @ in state |0), the probability Pr{|0)} =
(0[N (]0)(0])|0) of measuring the output noisy qubit in the state |0), as a function of the probability p of the
thermal noise. The solid line is the theoretical model Pr{|0)} =vp+ 1 — v = 0.8p + 0.2 from Eq. (7). The
crosses (x) show the theoretical value computed by the preprocessing simulator from the circuit layout.
The open circles (o) show the experimental evaluation.

0.9
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Fig. 10. For a noise probability p = 3/4 and an input qubit @ in state |+), the probability Pr{|+)} =
(+IN(|+)(+])|+) of measuring the output noisy qubit in the state |+), as a function of the coupling
parameter 7 of the thermal noise. The solid line is the theoretical model Pr{|+)} = (1 + /I —7)/2 from
Eq. (7). The crosses (x) show the theoretical value computed by the preprocessing simulator from the
circuit layout. The open circles (o) show the experimental evaluation.

based on superconducting qubits, have inherent imperfections. As a result, some
discrepancy is observed between the experimental and theoretical probabilities in
Figs. 8-10. Depending on the parameter ranges, the levels of discrepancy here are
quite compatible with those previously characterized in [18, 20, 21] on former
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versions of the IBM quantum processors, or even slightly better here for processors
constantly evolving and improving. Despite these physical imperfections inherent to
current experimental quantum processors available today, a good match is observed
between theory and experiment in the results of Figs. 8-10, and this is obtained
consistently over the whole range of the parameters (p,~) tested for the qubit
thermal noise. As a complement, a complete experimental state tomography, as in
[20, 23, 24], could be envisaged for the output noisy qubit of the simulator circuit,
and performed for every parameter configuration (p,~). This however would repre-
sent an infinite set of conditions which cannot be treated practically; and moreover
whose detail and significance would be tied to a given quantum processor, while
quantum processors are constantly being upgraded. For the present design, the tests
of Figs. 8-10 consolidate the validation of the simulator circuit and its principle, as
constructed here for the qubit thermal noise.

5. Conclusion

For the modeling of the qubit thermal noise, also known as generalized amplitude
damping noise, we started from a standard quantum-operation model A/(+) in Eq. (5)
based on the four specific Kraus operators of Egs. (1)—(4) and an associated qubit-
environment model based on Eq. (14) from [8, 14]. The goal was then to exploit these
modeling elements in order to construct a circuit model to simulate the qubit thermal
noise A/ (+) on a quantum processor, with easy control on the noise parameters (p, ).
From Eq. (14), we have deduced a proper Stinespring dilated model, as in Eq. (8),
arranging for a control of the noise parameter p via an auxiliary qubit prepared in the
state [p) = /p|0) + /1 —p|1) in Figs. 1 and 5. The Stinespring dilated representa-
tion has then been decomposed in terms of a few elementary operators, consisting of
two-qubit Cnot operators and one-qubit rotation operators. The decomposition also
arranges for an easy control of the other noise parameter, . The result of the
decomposition has then been converted into a three-qubit simulator circuit expressed
with the corresponding elementary quantum gates and shown in Fig. 5. The thermal
noise simulator circuit obtained in Fig. 5 is an original circuit not previously reported
to our knowledge, and offering a useful addition to existing libraries of quantum
circuits. This simulator circuit has then been experimentally implemented, according
to the layout of Fig. 6, on an IBM-Q quantum processor; and it has been experi-
mentally tested and validated against the theoretical specifications of the thermal
noise model. Through this worked-out example of a noise simulator circuit, this study
also illustrates the generic methodology for exploiting such general-purpose quantum
Processors.

The present noise simulator circuit is constructed from the reference modeling
approach of a non-unitary quantum map p — N (p) based on the Kraus operators in
Egs. (1)—(5) and associated Stinespring dilation of Eq. (8). Accordingly, the model
for the thermal noise NV (-) exhibits the character of a functional-block type modeling,
representing the action of the noise between an initial state when some processing
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begins and a final state when it ends. Such a functional-block modeling is often
relevant and employed in signals and systems theory. In this perspective, the present
simulator circuit has application in many scenarios, in principle anywhere a con-
trolled thermal noise need be simulated on a signal qubit. The simulator can serve to
design and test the performance of optimal or efficient processings having to
cope with thermal noise, according to the noise conditions. Quantum communication
for instance offers such direction of application. Our simulator circuit provides a
direct materialization of a quantum communication channel affected by thermal
noise, and is well adapted to realize an input—output end-to-end simulation to in-
vestigate the noisy transmission across the channel, in a controlled way over the
whole range of the channel parameters (p,y). Among interesting lines of investiga-
tion which can be addressed, optimal signaling configurations including the input
signal states and their output measurements maximizing the input—output
mutual information or achieving the information capacity, are not completely
known, over the whole range of the channel parameters (p,7), especially when
entangled signaling states of definite size are employed for communication, and in the
parameter range where the channel is not entanglement-breaking and entangled
inputs may improve over the independent-input capacity [8, 9, 25]. Other scenarios
accessible to simulation could be the study of stochastic resonance effects, assigning a
beneficial role to quantum noise or decoherence. Stochastic resonance phenomena
represent the (counterintuitive) possibility of enhancing the performance of some
processing when the amount of noise is increased up to an optimal nonzero level. For
signal and information processing, stochastic resonance has been shown to occur in
the classical domain under many forms [26-36], and in the quantum domain more
recently [37-43]. In the quantum domain, the possibility of such stochastic resonance
phenomena has been theoretically shown in [44-47] in operations of signal detection
or estimation from noisy quantum signals affected by thermal noise. Experimental
implementation, validation and exploration of such phenomena in controlled noise
conditions are now accessible with the noise simulator of Figs. 5 and 6. Many other
possibilities can be envisaged for applying quantum noise simulators, with controlled
noise conditions, for investigations relevant to quantum signal and information
processing.

This study also illustrates the possibilities made available for research on
quantum technologies by the public access, through the internet cloud, to
quantum processors, especially offering today an unparalleled platform for
developments in quantum computation and quantum signal processing. Quantum
processors, such as IBM-Q, are often exploited for quantum computation, to
implement and test quantum algorithms under the form of unitary evolutions,
expressed by means of elementary building blocks under the form of unitary
quantum gates. This study relates to a slightly broader perspective, illustrating
that non-unitary evolutions, such as quantum noise or decoherence, can as well be
simulated on such quantum processors, under controlled conditions. Such possi-
bilities are specially relevant to signal processing, which naturally has to cope
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with noise while designing efficient processing, classical or quantum. The present

circuit model for quantum thermal noise offers a tool to contribute in these

directions.
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